NASA /TM—2000-210361

‘rlﬁ:,v‘» YA

%

R-Function Relationships for Application
in the Fractional Calculus

Carl F. Lorenzo
Glenn Research Center, Cleveland, Ohio

Tom T. Hartley
University of Akron, Akron, Ohio

August 2000



The NASA STI Program Office . . . in Profile

Since its founding, NASA has been dedicated to
the advancement of aeronautics and space
science. The NASA Scientific and Technical
Information (STI) Program Office plays a key part
in helping NASA maintain this important role.

The NASA STI Program Office is operated by
Langley Research Center, the Lead Center for
NASA's scientific and technical information. The
NASA STI Program Office provides access to the
NASA STI Database, the largest collection of
aeronautical and space science STI in the world.
The Program Office is also NASA'’s institutional
mechanism for disseminating the results of its
research and development activities. These results
are published by NASA in the NASA STI Report
Series, which includes the following report types:

e TECHNICAL PUBLICATION. Reports of
completed research or a major significant
phase of research that present the results of
NASA programs and include extensive data
or theoretical analysis. Includes compilations
of significant scientific and technical data and
information deemed to be of continuing
reference value. NASA’s counterpart of peer-
reviewed formal professional papers but
has less stringent limitations on manuscript
length and extent of graphic presentations.

e TECHNICAL MEMORANDUM. Scientific
and technical findings that are preliminary or
of specialized interest, e.g., quick release
reports, working papers, and bibliographies
that contain minimal annotation. Does not
contain extensive analysis.

e CONTRACTOR REPORT. Scientific and
technical findings by NASA-sponsored
contractors and grantees.

¢ CONFERENCE PUBLICATION. Collected
papers from scientific and technical
conferences, symposia, seminars, or other

meetings sponsored or cosponsored by
NASA.

e SPECIAL PUBLICATION. Scientific,
technical, or historical information from
NASA programs, projects, and missions,
often concerned with subjects having
substantial public interest.

e TECHNICAL TRANSLATION. English-
language translations of foreign scientific
and technical material pertinent to NASA's
mission.

Specialized services that complement the STI
Program Office’s diverse offerings include
creating custom thesauri, building customized
data bases, organizing and publishing research
results . . . even providing videos.

For more information about the NASA STI
Program Office, see the following;:

e Access the NASA STI Program Home Page
at http:/lwww.sti.nasa.gov

e E-mail your question via the Internet to
help@sti.nasa.gov

e Fax your question to the NASA Access
Help Desk at (301) 621-0134

e Telephone the NASA Access Help Desk at
(301) 621-0390

e Write to:
NASA Access Help Desk
NASA Center for AeroSpace Information
7121 Standard Drive
Hanover, MD 21076



NASA /TM—2000-210361

‘rlﬁ:,v‘» YA

%

R-Function Relationships for Application
in the Fractional Calculus

Carl F. Lorenzo
Glenn Research Center, Cleveland, Ohio

Tom T. Hartley
University of Akron, Akron, Ohio

National Aeronautics and
Space Administration

Glenn Research Center

August 2000



Available from

NASA Center for Aerospace Information National Technical Information Service
7121 Standard Drive 5285 Port Royal Road
Hanover, MD 21076 Springfield, VA 22100
Price Code: A03 Price Code: A03

Available electronically at http://gltrs.grc.nasa.gov/GLTRS


http://gltrs.grc.nasa.gov/GLTRS

R-Function Relationships
for Application in the Fractional Calculus

Carl F. Lorenzo”
National Aeronautics and Space Administration
Glenn Research Center
Cleveland, Ohio 44135

Tom T. Hartley
University of Akron
Department of Electrical Engineering
Akron, Ohio 44325-3904

Abstract

The F-function, and its generalization the R-function, are of fundamental importance in the
fractional calculus. It has been shown that the solution of the fundamental linear fractional
differential equation may be expressed in terms of these functions. These functions serve as
generalizations of the exponential function in the solution of fractional differential equations.
Because of this central role in the fractional calculus, this paper explores various intrarelationships
of the R-function, which will be useful in further analysis.

Relationships of the R-function to the common exponential function, e', and its fractional
derivatives are shown. From the relationships developed, some important approximations are
observed. Further, the inverse relationships of the exponential function, e',in terms of the
R-function are developed. Also, some approximations for the R-function are developed.

1. Introduction

The F-function [1] defined as
= a nt(n+1)q—1

Fq(a,t)zggm, (1.1)

and its generalization the R-function [2],

oo an (t _ c)(n+l)q—l—v
Rq’v(a,c,t) = 2

n=0 F((” + l)q - V)

are of fundamental importance in the fractional calculus. In this paper our interest will be
confined to t >¢c=0, ¢g=20,and v < ¢g. Lorenzo and Hartley [2] have determined a variety of
relationships associated with the R-function, including those involving relationships with the
circular and hyperbolic functions as well as other advanced functions. A few more relationships to
advanced functions are also presented in the Appendix of this paper. It has been shown ([1] and
elsewhere) that the solution of the fundamental linear fractional differential equation

Dix(t)+ax(t)=f(t) (1.3)

may be expressed in terms of these functions. As in the case of ordinary differential equations
combinations and convolutions of R-functions are used to express the solutions of systems of
fractional differential equations. Because of this central role in the fractional calculus, and since

(1.2)

" Distinguished Research Associate.
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R Function R(q,0,1,0,t)

R, (a,O, t) =F, (a, t) this paper explores various intrarelationships of the R-function, which will

be useful in further analysis and application.

The general character of the R-function is shown in figure 1. Figure 1 shows the effect of
variations of ¢ with v=0and a = 1. The exponential character of the function is readily

observed (see, g =1).

The Laplace transform of the R-function, starting at t =c =0,

LiR,, (a,0,1)}= sqs—

is derived in reference [2]. It is also noted that

R, (a,(), t)

10(10 at)= z

n=0

(ar)' _

I'(n +1)

(1.4)

at

(1.5)

These relationships will be useful in the analysis that follows. This is special, because in general

R, (a0,t)#R, (1,0,at) .

The following useful relationship however, is shown

(at)

T((n+1)g-

R,,(10,at)

Z

therefore

R,, (1,0, at) =q’

Alternatively this may be written as

R,, (a,0,1)=

n+l)q 1-v

V)

a Y

a R (1,0,a"1).

(1.6)

(aq )‘ t(n+l)q—l—v
T(n+1)g-v)’

R,, (a",O,t).

(1.7)

n=0

(1.8)

(1.9)

In what follows in this paper, intrarelationships between R-functions of different arguments will

be developed.

= 5 to 2.5 in stegs of 0.25

v=00, at 1.0

—
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Figure 1a. Effect of gon R 2.0 (1,0, t),
v=0.0,a=1.0

NASA/TM—2000-210361

R Function R(q,0,-1,0,t)

0.5

-0.5

0 05 1

=25

q=10

=0.25to 2.5 in steps of 0.2§

o

| a=-0

\

1.5 2 25 3

t

3.5 4 45 5

Figure 1b. Effect of g on R,, (— l,O,t),
v=0.0,a=-1.0



2. Relationships for R, , in Terms of R,

This section will develop the relation
R,,1.0,6)= f(R ,(a.0.1))= £(e*) m=123... . (2.1)

We consider first the even cases, in particular m = 2. We have then

oo 2n+l t3 [5
10t + + + 2.2
Rao z ren+2) 1) 1@ 1) 22)
Now since
oo t l2 l3
R l,Ot 1+ + + +... 2.3
ul ggr(nﬂ) r2) r@3) r@4) (23)
and
1 2 3
R, (~10.1)= 2( Jo ot oo (2.4)

Tn+1) r(z) r3) 1)

it is readily seen by substitution that

1
R, (1’0’ t) = E (RI,O (1’0’ t)_ R, (_ 1,0, t)) =

An alternative approach to this problem is available through the Laplace transform,

LiR, , (1L0.1)}= S21 - l(L_L)

-1 2ls-1 s+1

:%Zécis(an/Z)( _ ! ) (2.6)

s—cis(2mk/2)

" Sini(r). (2.5)

where cis((])) = COS(¢)+ i sin(q)). The inverse transform of this equation, of course, yields the
equation (2.5) result.

The m = 4 case is now considered, then
4n+3 3 7 11

-~ t t t t
Ria(10.1)= zg T@n+4) T@) @) 12" (27)

Again by substitution it is readily verified that

Ry, (L0.1)= (R 00.0)= R (10,04 iR, (:0.1)- iR, (- 70.1) (2.8)
3
= —Zczs(znkm)R, J(cis(2m k14).0,1)= ZZ e™R, (™2 ,0.1). (2.9)
k=0
- %Sinh(r)— - Sin) (2.10)

Examining the above solutions, equations (2.5) and (2.8), it is observed that the values of the
coefficients and the a parameter of the R, , -functions lay on the unit circle of the complex plane
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for their respective m values. This will be validated for the m =3 case. Using the Laplace
transform we have

L{R,,(1,0,1)}= (2.11)
Now the roots of s°> —1=0 are
s=1" = c05(¥]+ isin[?]: cis( 2’;" ] k=0,2. (2.12)

Thus
1

L{R3,0 (I,O,I)}Z 3

:-Zczs 2nk/3)(m). (2.13)

k_O
Inverse transforming yields

Ry, (1,0,t)= zczs 2k /3)(R,, (cis(2 k13)0,1)) . (2.14)

kO

This may also be written as

R,,(1,0,1)= zczs 2k /3) e/, (2.15)

kO

The above results, equations (2.5), (2.8), and (2.13), are now generalized to give

m—1
Rm’o(l,O,t):lZCis(an/m)(Rl’o(cis(an/m),O,t)), m=123,., (2.16)

k=0
also
1—1
Rm,o (1,0,t)— Z i2nk /m czs (2mk/m)t , m= 1’2,3’_._ . (217)
k:
Thus any R, , function may be written in terms of R, ,for m=1,2,3... . Consideration of the

principle value k =0, gives the result

mO(lOt)k -0 =

this is found to be a useful approximation for ¢ > m.

The results of equations (2.16) and (2.17) may be generalized to arbitrary positive value for the
parameter a, this more general result is given by

", (2.18)

1,
m

2(a,0,1)= imz "eisQrkIm)R, (a""cisQrk/m)0.t), a>0, m=123,...)(2.19)
m o
and
Ui Um
Rm,O (a,O,t): lZa(l—m)/meﬂnk/m e cis(2wk/m) t . a> O, m= 1,2’3’.” . (220)
m o

NASA/TM—2000-210361 4



For negative values of the a parameter the following forms apply

Rm,o( a0, t Za (- ’")/’"czs (a”’"cis(oc),O,t), a>0, m=123,..., (2.21)
m i—o
and
-1
R, (- a0,1) 2 (tom)im giar pa™ cis@)t a>0, m=123,.., |(2.22)
m o

where a0 = 2k +1)t/m .

3. Relationships for R,,,, , in Terms of R,

In this section we seek to express Ry, , (a”m ,O,t)in terms of R, (a,0,t), where m=1,2,3,....
The initial interest will be 1/m=1/2.Then applying the Laplace transform

1 1/2 1/2 1/2

L{R o (a,0.0)}= T ot (.1)

1/2 /2 1/2 1/2
s —a s " +a Ss—a Ss—a

Inverse transforming gives

1/2
RI/Z,O(a ’O’t): R1,1/2(aao’t)+aR1,o(a’O’t)’ (3'2)
or
1/2 1/2
R,y o(a"?.0,t)=0d"? R, ,(a.0.t)+ aR, ,(a.0.1). (3.3)
It terms of the exponential function
Ry, o(a"?.0,t)=0d e +ae. (3.4)
The m =4 case is considered next. The Laplace transform is applied
1 Sl/4+al/4 Sl/4_l-al/4 Sl/4+l-a1/4
1/4 _
L{R1/4,0(a ’O’I) - S1/4_a1/4 Sl/4+al/4 Sl/4_l~al/4 S1/4+ia1/4 (35)
1/4 1/2 1/2 [1/4 3/4
“+a +a'’s " +a
= , (3.6)
s—a
(3~ k)/4 kl4

i 3.7)

k=0 -

Inverse transforming yields the desired result

3
Ryuol@"0,0)=Y a™ R, (a,0,1), (3.8)
k=0
or
3
Rypola”,0,6)=Y a0 (d¥*R, (a,0,1). (3.9)

NASA/TM—2000-210361 5



The general results are seen to be

m—1

Ry, o@""0.)=Y a""'"R ., (a0.t), a>0, m=123,... | (3.10)
k=0

and
m—1

Riymol@"™0,6)=Y a7 g"R (a,0,1), a>0,  m=123,..| (3.11)
k=0

These results are now validated for the m = 3 case. Then

2
R0 (a1/3 ’O’t): a(2_k)/3Rl,k/3 (a.0,7) (3.12)
k=0

Laplace transforming this equation gives

1 a2/3 a1/3sll3 S2/3
7313 + , (3.13)
s —a s—a s—a Ss—a
2/3 1/73 1/3 2/3
s +a s +a 1 (
= = : 3.14)

1/3 1/3\(,2/3 1/3 1/3 2/3 1/3 1/3
(S —a )(S +a s +a ) s —a

The results of equations 3.10 and 3.11 are extended to the case of a negative a parameter by use
of the following expressions

m—1

Rymoca0,0)=3 (1) at0mR  (1)"a0,t), a>0, m=123..] (3.15)

=0

>~

and
m—1
Rymol=a”,0,6)= 3 (1) a0 g, (<1Y'a,0,¢), a>0, m=123...](3.16)

k=0

4. Relationships for the Rational Form R, ,in Termsof R, ,

In this part we wish to relate R, , (1L,0,7) to R, .0 (a,0,1), where m and p are positive integers.
This is a generalization of the preceding parts. We start with the example R;,, (1,0, t), applying the
Laplace transform gives

1
L{R3/2,0 (I’O’t)}: $2_1° (4-1)

Now the roots of s*> —1=0are s =1 = CiS(27'L' k %)however because of the periodicity of the

roots equivalent results are obtained from cis(27r k /3). Thus equation 4.1 may be written as

1 1
L{R3/2,0 (LOJ)}Z 97 = (Suz _c )(S1/2 . )(S1/2 . )
0 1 2

A 4 4 (4.2)

NASA/TM—2000-210361 6



where ¢, = cis(2m k/3). The values for this problem are
¢ =1, ¢, =—-0.5+0.866i, ¢, =—0.5-0.866i.

The A, are determined from partial fraction expansion to be

/WY | R N U R —
3 3( -0.5-0.866i 3( -0.5+0.866

The A, are recognized as A, =c, /3. This gives the following for the transform

1
L{R3,2!0 (LOJ)}: PEIEN

_ cis(0) N cis(2m 13) N cis(4m 13)
3(s"? —cis(0) 3(s"2 —cis(2r/3)) 3(s"* —cis(dn/3)) (43)

The inverse transform then is given as

2
R, ,(1,0,1)= %Zcis(Zﬂ k/3)R,,,,(cis(2mk/3)0,t). (4.4)

k=0

As in the previous parts these results are generalized to the following

m—1
R, ,000,7)= izcis(zn kim)R,, o (cisQrk/m)0,t) m=123.. p=123.... (4.5)
k=0
Since ' = cis(ot)this may be written as

m—1

R, (10,1)= lEe"WMRI,M (€7 0,t) m=123... p=123.... (4.6)

m o

These results also may be generalized to include a nonunity value for the a parameter. The general
form is given by

m—1
R, 0 (a,0,1)= i2‘a(l"”)/"’cis(27r k/m)Rl,p’0 (a”mcis(Zn k/m),O,t),
k=0
a>0, m=123.., p=123.., (4.7)
and
R ( 0 _ 1 < (I-m)/m i2mk/m ( I/m i2rklm )
it .0\ G ,t)—— a e R, ola""e ,0,¢),
m =0
a>0, m=123....,p=123.... (4.8)

The above equations (4.7) and (4.8) allow any rational based, g=m/p, R -function to be

m/ p,0

expressed in terms of its basis R, ,-functions.

NASA/TM—2000-210361 7



The results of equations (4.7) and (4.8) are extended to the case of negative a parameter by the
following equations

m—1
Ry (—a,O,t):—%Za(lm)/’"cis((2k+1)7r/m)R1,p’0 (a"mcis(2k + 1)/ m)0.1),

k=0
a>0, m=123.., p=123...| (4.9)
and
( 0, RS (l=m)/m ,i((2k+1)x/m) p ( 1m i((2k+1)e/m) () )
m/pO a t Zz 1/p,0 a e ’ 9t s
k=0

a>0, m=123..,p=123.... |(4.10)

These results, equations (4.7) to (4.10), are the most general (direct) relationships to the basis

function presented in this paper. The R, ,are seen as basis functions for any R, .

5. Relationships for R, , in Terms of R, ,

This section develops the reciprocal relation to that formed in the previous section. This form
will be useful in developing the inverse relationships, which follow in later sections. Consider the
case for p =2, m =1, then the Laplace transform is

1 Sl/2+al/2 Sl/2+al/2
1/2
L{RI/Z,O(a ’O’t) = 1/2 172 _1/2 1/2 = s (51)
s'T—a’" s +a s—a
172 12
s a
= + : (5.2)
s—a s—a
Inverse Laplace transforming gives
172 12
R1/2,0(a ’O’t):Rl,1/2(a’O’t)+a Rlo(a’o’t)’ (5-3)
or
172 172 172
Ry»o(a”2.0.t)=,d"* R, ,(a.0,t)+a"*R, ,(a.0.1). (5.4)
The case p=2,m=4,is now considered. The Laplace transform is given by
1 Sl/2+al/4 Sl/2_ial/4 Sll2+l-a1/4
LR, la"*,0,1)y= : 55
{ 1/2,0( )} S1/2_a1/4 sl/2+al/4 Sl/2_l~al/4 S1/2+ia1/4 ( )
3/2 1/4 1 1/2 1/2 3/4 3 (3- k)/4 k/2
s +a’s +a +a a
= a =§: : (5.6)
S —dad k=l
Inverse transforming yields
3
174 3-k)/ 4
RI/Z,O(a ,O,t):Za( : Rz,k/z(a’o’t)’ (5-7)
k=0
or
3
1/4 3-k)/4  gki2
Risola’,0,6)= Y a®"* (d*2R, (a,0,1). (5.8)
k=0

NASA/TM—2000-210361 8



The above results are generalized in the following forms

m—1

Ry,ola"0,6)=Y a" =m0 (@0,0), a>0, p=123..,m=123..

(5.9)

k=0
and
m—1
Ry, 0@ 0,0)=Y a0 a¥rR  (a0,1) a>0, p=123..,m=123...| (5.10)
k=0
These results will now be tested on the following case p =2, m=3. Then
2
R0 (am’o’t):za(z_k)/SRyz,k/z(a,o,t)’ (5-11)
k=0
= a2/3R3/2,0 (a,O,t)+ a1/3R3/2,1/2 (a,O,t)+ Ry, (a,O,t). (5'12)
Applying the Laplace transform gives
1 a2/3 a1/3S1/2 s
1/2 1/3 = 3/2 + 3/2 + 3/2 ’ (513)
s = s a a s —a
s+a1/3s1/2+a2/3
= (S1/2 a3 )(S+a1/3s1/2 +a2/3) ’ (5'14)
1
=2 5 (5'15)
s —a

providing a validation point for the general form (equation 5.9).
The results of equations (5.9) and (5.10) may also be extended to the case for a negative a
parameter. These results are given as

m—1

Ri/po (_ a'" 0, ’) =Y 1)""a R i ((— 1)" a,0, f),
k=0

a>0, p=123..,. m=123...,
and
m ml ek (mel—k)/m m
Ry po(~a"™.0.1)= ;)(—1) ") Odt’"”Rm,p’O( (1) a,O,t),

a>0, p=123... , m=123...

NASA/TM—2000-210361 9
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6. Relating R to the Exponential Function R, (6,0,1)=e"

m/ p,0

Using the results of the previous sections, it is now possible to express any R_ (a,O, t) in terms

of R, (b,O,t)z e” , for q =m/ p (rational). Two results are required, equations (3.11) and (4.8).

For clarity of discussion we rewrite equation (3.11) in the following terms

p-1
Rl/p,O (b,(),t) = pr_l_j Odrj/p R1,0 (bp ’O’t)
j=0
= N bll—l—j Odj/peb”r
t

J

<

, b>0, p=123.... (6.1

Il
(=]

Now this result may be directly substituted into equation (4.8) to give

Rm/p,O (Cl,o, t) =

-1

= : ool ) T .
2 -m)/ 2nk/ 2 1/ 2rk/ P J / 1/ 2nk/ P
a( l‘ﬂ) l‘ﬂel (1 m (a mel (3 m) Odtj [)Rlyo (a l‘ﬂel (1 l‘ﬂ) ,O,t ,
m

k=0 Jj=0
m=123...,p=123.... (6.2)

This now may be written as

Rm/p o\d, O t)_

§|~

mz“lz“ (p=j-m)Im zZn’k(p J)m d,/pRlo(( p/meIZEkp/m)O t)

k=0 j=0
a=0,

m=123...,p=123....

1 p—

1 m—
Rm/p,O (Cl,O,t)— ;zz

k=0 j=0

1

a=0,

(p=j-m)/m 1271'k(p J)m (( plm i27rkp/m)’ )
a R, ;,,la""e 0,z),

m=123..,

p=123...

(6.3)

(6.4)

Thus, from equation (6.3) the generalized exponential function R, , , , may now be expressed as a

function of fractional derivatives of the common exponential function

( ) "22 )imgi2nk(p=j)! ! ((/ 277:k/))
R, ,0(a0,t)=— (pim)im g k=i 712 expl(a?/™ e '™ ) 1),

=0 j=0

az0,m=123..., p=123....

(6.5)

These results, equations (6.3) to (6.5), contain the results of equations (2.19), (2.20), (3.10), and

(3.20).
The case for negative a parameter follows a similar development as above. Equation (4.10) is
written as
m—1
Ruolea0) ==L S atimng, om0,

m i=o

a>0, m=123..,p=123...,

NASA/TM—2000-210361 10
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where O = (2k + 1)77:/ m. Now equation (6.1) may be substituted into equation (6.5) to give

m/pO( a.0, t)___zzela(P N p=i=m)im dj/pRLO(ap/'"eiap,O,t),
m -0 j=o
a>0, m=123..,p=123..., (6.7)
or
1 m—1 p—1 . )
Rm/p()( a 0 t __zzela(p j) p _]*lﬂ)/le j/p(ap/mezap,O,t),
’ m—o j=0 ’
a>0, m=123...,p=123..., (6.8)
or
m—1 p—1
Rm/p’o(_a,o’t)___zz io(p- j (p—j—m)/m dj/p eXp(( plm l(Xp)t)
m =0 j=0
a>0, m=123..,p=123... (6.9)

These results, equations (6.3) to (6.5), and (6.7) to (6.9) are the most general (direct) expressions
for the R-function in terms of the common exponential function presented in this paper.

7. Inverse Relationships—Relationships for R, ;, in Terms of R,

In this and the following sections inverse relationships expressing the exponential function in
terms of various R-functions will be developed. Consider

a1l 1 s+a
L{e }_s—a_(s—a)(s+a)’ (7.1
- (7.2)

Upon inverse transforming we have
e’ =R ,(a,0,t)=R,, (a2 ,O,t)+ ar,, (a2 ,O,t). (7.3)
In similar fashion for m =4, we have

L{ at}_ S+Cl)( —ZCZ)(S+ZCZ) (74)

s—a (s a)(s+a)(s—ia)(s+ia)’

s*+ast+a’s+a’
= R (7.5)
3 a3fksk
:;S4 —614 (7 6)

NASA/TM—2000-210361 11



Inverse transforming this result yields

3 3
e =R, ,(a,0,1)= ZaH R,, (a4,0,t): ZaH odl R, (a4,0,t). (7.7)
k=0 k=0
These results generalize to
m—1
e =R ,(a0.)=Y a"* R, (a".0.¢), a>0, m=123,.., | (7.8)
k=0
and
m—1
e =R ,(a,0.)=Ya""™* 'R, (a".0.1) a>0, m=123...|(1.9)
k=0
These results are now used to test the m =3 case. Then
2
¢ =R ,(0,0,1)=Y a** R, (a°,0,1). (7.10)
k=0
Thus the Laplace transform is
1 Latst  sP+as+a
= , 7.11
s—a Z;f—cﬁ s’ —a’ ( )
s’+as+a’ 1
= = . 7.12
(s—a)(sz+as+a2) s—a ( )
For negative values of the a parameter the following forms apply
l
e =R,y (-a0.0)= Y (1" am R, (10" 00).  a>0. m=123....| (7.13)

k:O
and

11—

e =R (~a0.0)= ¥ (1) F @ a* R, (1)"a"0.0). a>0, m=123.. (7.14)

k

Il
[=)

8. Inverse Relationships—Relationships for R, ; in Terms of R, ,

In this section we seek to express R, (1,0,7)in terms of Ry, o> where m=1,2,3... . The initial
interest will be 1/m=1/2. Then

k/2 1/2 —-1/2 0 1/2 1 t3/2

,,2010t i ! +t+t +t+
“Tk/2+1/2) T1/2) (1) T6G/2) Q) 16/2)

+.. (8.1)

and

RI/ZO( 1,0, t) z

( l)ktk/Z 1/2 t—1/2 tO t”2 tl t3/2

T(/2+1/2) T/2) TO) TG/2) Q) T6/2) "

(8.2)
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Therefore it is easily seen that

1
RI,O (LOJ): 5 (Rl/z,o (LOJ)_ R1/2,0 (_ LOJ)) . (8-3)

We now consider the case 1/m=1/4. Then
I k/4 3/4

2 k/4+1/4)

-3/4

1/40 IOt

-1/2 -1/4 0 1/4 t1/2

ot t t t t
- r(1/4)Jr 1“(2/4)Jr r(3/4)Jr r(4/4)Jr 1“(5/4)Jr r(6/4)Jr

Now it may be shown by substitution that

1 . . . .
R, (LOJ): Z (R1/4 (LOJ)_ R (_ I’O’I)"' iRy 40 (Z’O’I)_ iRy 40 (_ Z’O’I)) . (8-5)

As in the previous section this may be generalized as

(8.4)

R, (1,0,1)= ZClS @rk/m)R,,,, (cis(2r k/m)0,t) m=123... . (8.6)
k=0
Remembering that R, (1,0, t) = ¢', this equation (8.6) is recognized as a decomposition (of the
m-th order m =1,2,3...) of the exponential function. That is, each of these functions is more basic
than the exponential function in that the exponential function may readily be expressed in terms of

the “fractional exponential (i.e., R0 (a,O, t) )” in closed form (without differintegrating).
The results of equation (8.6) may be generalized to arbitrary value for the parameter a, this
more general result is given by

R, (1,0,at)=R, ,(a,0,t)=e"

m—1
= LZa(l"")/’"cis(Zn'k/m)Rl,m’o (a""cisrk/m)0.t), a>0, m=123..
m =
m—1
= LS qlommgisimp - (mgimkin 01) 450, m=123.. . | 87)
m -

The approach to the solution for a negative a parameter will now be demonstrated for the case
1/m=1/4. Applying the Laplace transform gives

L{Rl,o (_ a,0, t)}: L{e_m }

1 1
- s+a = (51/4 —c a1/4)(s1/4 _ca1/4)(51/4 —c a1/4)(sll4 —c a1/4) (8'8)
0 1 ) 3

where ¢, = cis((2k +1) /4). This may be written as
1 A " A + 4 + Ay i (8.9)

1/4 1/4 174 1/4 1/4 174 1/4
S+a s —Cyd s  —qca s —Ca s —CGa
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The A, are found by partial fractions to be A, =—c, / (4613/4 ) The general form is then validated
and given as

R ,(1,0,~at)=R, ,(~a,0,t)=e

=—2 a™ mczs )R,,mo(a”mcis((x),O,t), a>0, m=123,...,

m =0

1 m . .
= —2— a(l_m)/me’“Rl,m’o (a”me’“ ,O,I) , a>0, m=123,...

m j-o

(8.10)

-

where a0 = (2k +1)t /m.

9. Inverse Relationships—Relationships for ¢” = R, (a,O, t) in Termsof R, ,

Using the results of the previous sections, it is now possible to express e“ = R, (a,O, t) in

terms of any R, (b,O, t), for g =m/ p (rational). Two results are required, equations (8.7) and

(5.10). For clarity of discussion we rewrite equation (5.10) in the following terms
r=1
Ry, o0.0.0)=Y b0 di""R, (b7,0,t) b>0, p=123..,m=123.... (9.1)
j=0

Substituting this equation into equation (8.7) gives

=1

R ,(a,0,)=e" :—Za(] i eis(2) 2( "cis(A ))r_l_jod;"/'”Rr,m‘o ((a”'”cis(l ))r,O,t),

j=0

a>0, m=123..., (9.2)

R (@0,1)= e = mi " S Qs (- R, (0 cis(r )0.0)
o a>0,r=123...,m=123...,0.3)
where A = 27wk /m.
Alternatively
o a>0,r=123.., m=123...| (9.4)

For the case of a negative a parameter, we substitute equation (9.1) into equation (8.10) to give

e =R, ,(1,0,~at)=R ,(-a0,1)

iy Sl i) R, i) 0.1
k=0 j=0

a>0,r=123..,m=123,.., (9.5)
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where 0 = (2k + 1)7'[ /m . Thus we have

R, (1,0,~at) = R, (-a,0,1)=e™
1 m=1 r-1

=-—5 Za("f"”)”” cis@( = /) R 10 (a”’" cis(a r),O,t)

m (= 5=

a>0,r=123...,m=123,... , | (9.6)

or
1 m 1 r-1 / ) ,
_ _ " —__ r]mmla -J rim _iar
RLO(I,O, at)—e = —Z a Rr/m,j/m(a e ,O,t)
m (= =

a>0, r=123..,m=123,.. .| (9.7)

The expressions (9.3), (9.4), (9.6), and (9.7) are the most general expressions for the exponential
function in terms of the general (rational) R-function R, ».0 (and its fractional derivatives)
presented in this paper.

Tables 1 and 2 summarize the key R-function relationships developed in this paper in a common
form. Table 1 presents the relationships for positive b parameter in the left-hand side of

R,, (b,O, t) function, while Table 2 presents the relationships for a negative b parameter.

Table 1. R-Function Relationships—Positive Parameter

Eq. Nos.
m=1
R, (a,0,1)= i a7 cis(MR, o (0" cis(1)0,) (2.19)
m
m-1
Ry o (a”m ,0, t) = a('"_l_k)/le,k/m (a,O,t) (3.10)
1 m-1
R, 0 (a,O,t) = Z a(l_m)/'”cis(}\ )Rl/p,O (a”'”cis()\ ),O, t) 4.7)
m =
m—1
R,,,(a"".0.¢)= Z dUR o (a,0,) (5.9)
=0

m-1 p-1

Rm/po a,0,t ——%Z (psmm)/m cis((p )/\)Rl’j/p((a”/’"cis(p)\))O,t) (6.4)

R (a.0.0)= e = Z kR (0 0.0) (7.8)
k=0
R, (L,0,at)=R,,(a,0,1) ="
m 8.7
! 2 1’”)/’”czs R, ’O(a”’"cis()\),o,t) &
m
— ot 1 mU e jem)im (. r=J Uomf . " |
R, (a,O,t)—e ’—m—go;a( jmm)l (czs()\ )) ]Rr/m,/./mEa / (czs()\ )) ,O,IH (9.3)

Forthistable a >0, m=123.., p=123..., r=123., A=2rk/m
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Table 2. R-Function Relationships—Negative Parameter

Eq. Nos.
Rm0 a,0,t)= ——Za(l i eis(or (a”’"cis(oc),O,t) (2.21)
m =0
R0 (_ a'" ’O’I): mz_, (_ l)m_l_k a(m_l_k)/le,k/m ((_ l)ma,O,t) (3.15)
k=0
R, (a0 If)——im_la(1 " eis(or) (a”'"cxs( )0 t) 4.9
m/ p,0 s mk:o 1/ p,0 ( . )
m—1
R, (a"0,0)=Y (1) a0mR (1) a,0,1) (5.16)
k=0
1 m—1 p—1
Rm,p’o( a,O,t)— — Za(” i ’”)/’”czs( (p ]))le,p(a”/'"Cls(ap)Ot) (6.8)
m -y j=
m-1
Ro(a00)=e =3 (1) a" R, (-1)"a"0.1) (7.13)
k=0
R ,(1,0,~at)=R ,(~a0,t)=e
m-1 (8.10)
__ L a' m)/mClS(OC)RI/mO(a”mClS( )0 t)
m o ’
R ,(,0,~at)=R ,(~a0,t)=e
m—1 r—1 ) 9.6
L a "= cis(on(r — j))R,_,m’j,m (a”m cis(ot r),O,t) 00
m -0 j=0

For this table a >0, m=123.., p=123.., r=123.., a=Q2k+1)x/m,

10. Approximation of the R-Function

Various approximations may be developed for the R-function. A few such approximations
will be developed here. As suggested in section 2, the principle value in equation (2.17) provides

the basis of such an approximation. The result, equation (2.18), is generalized to

R, (1L.0.1)=Le’,  1>¢>05.

The approximation is shown in figure 2.
The following is an improved approximation when f <land 0< g <1.

l-q

_ 2.5-q
Rq,o(l,O,t)zée’{%), >0, 0<g<1.

This approximation is shown graphically in Figure 3.
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10

\ / / a=0.75 /
7 y

g=1.0

R(q,0,1,0,t) and Approximation
o
RS
\
N
\gi\ '
“

9’ q/=/ 75/
3 ~ i 71, 7 7
// ~ - 7 // /q=2 0

2« ] zi _ 2 , /j’ s
N 55 q=0.25|to 2.0 in steps of 0.25

[~ = — Approximation is ddshed line
0

0 0.5 1 1.5 2 2.5

t

Figure 2. Approximation of R, (1,0,7) by na

10
| / / /
ok q=0.25

8 k / 9=0.50 / q=0.75/ /q=1.o
1/

R(qg,0,1,0,t) and Approximation (see text)
(6]

. — g=0.25 to [1.0 in steps pf 0.25

Aproximation is dashed line

0 0.5 1 1.5 2 2.5
t

Figure 3. Approximation of R_, (1,0, t) by Eq. (10.2)
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The above approximations, equations (10.1) and (10.2) may be extended to include
R, (a,O,t)in the following manner. By a simple replacement of the ¢ variable with at we may

rewrite equation (10.1) as
R, (L.0.ar)=Le", a>0,12>0,ar>1 (10.3)
Now using equation (1.9) along with equation (10.3) we infer the approximation
R, (@0,)=1a" """ | 4>0,4>0,at>1 (10.4)

When the a parameter of the R-function becomes negative, a different set of approximations is
required. The following approximation works well for 1 < g <2

R,o(~1,0,1)= e @ cos(t — 7 /2) 1<qg<2, t>m/2, (10.5)

This approximation is shown in figure 4.

0.8

NN L™

lo=1.0

0.2 a=f5

N ,

0.4 A7
/ q=1.0lto 2.0 in|steps of 0.25 \
b =1,

0.8 . a=-1.0

R(q,0,-1,0,t) and Approximation (see text)

Apprpximation is dashed line

1 2 3 4 5 6 7 8 9 10 11 12
t

Figure 4. Approximation of R (- 1,0,7) by Eq. (10.5)

Improved approximations may be determined for particular values of ¢ by optimizing the
A,B,C, and D constants in the following equation

R,,(=1,0,1)= Ae™ cos(C(Dt-7/2)) 1<g<2 . (10.6)

When the a parameter in equation (10.5) takes on values other than —1 the following approximation
works reasonably well for values of a not too large

R ,(~a0,)=a™ e 0"  coga - /2),  1>1, 1<g<2. (10.7)
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Figure 5 graphically shows this approximation for a = —4.

R(q,0,-4,0,t) and Approximation (see text)
o
1

0.5

0.4
A\

0.2

-0.1

-0.2

42;@
\
f

-0.3

q=1.0[to 2.0 in steps of 0/25
-0.4

a=-4.0
-0.5

Approximation is|dashed line

o0
N

2.5 3 3.5 4 4.5 5
t

Figure 5. Approximation of R,o (_ 4,01 )by Eq. (10.7)

Approximations for values of g>2 with parameter a negative, require positive values for the
argument of the real exponential in the approximation. For example for2 < g <3 the following

approximation

R,,(-10,t)= 221 oo(L 2g +14) -1 /2), 2<q<3, t>1 (10.8)

is presented in figure 6.

R(q,0,-1,0,t) and Approximation (see text)

15

10

e

— /( S
== fﬂi\\\ q=2.0 R BN
é\i\ﬂiéﬁs /
-5 ::2.5
. /
_10 \ .

\ ]
N /

/

-15

q=3.0 -

-20

1

Figure 6. Approximation of R, (- 1,0,7) by Eq. (10.8)
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11. Discussion

This paper has presented a variety of relationships relating various R-functions. A key result was
that R 1.0 with ¢ =m/ p and positive rational, may be written in terms of basis R-functions R,, Y
equations (4.7) to (4.10). Also, reciprocal relationships have been developed expressing R, 20 in
terms of R 7.0 with ¢ =m/ p and positive rational, (equations (5.9), (5.10), (5.16), and (5.17)).

It was also determined that R, with g =m/ p and positive rational, may be written in terms

0>
of fractional derivatives of RL0 —gunctions (i.e., exponential functions), equations (6.3) to (6.9).
Further, the R,, (exponential) functions may in turn be written as a function of basis functions
R, 0.0 (equations (7.8), (7.9), (7.13), and (7.14)). These results have allowed very general
relationships to be written relating R, jto R, ,and its fractional derivatives, with g =m/ p and
positive rational, (equations (9.3), (9.4), (9.6), and (9.7)).
It is expected that the results presented here should be analytically very useful since the

R

q,v
observed that all of the above relationships are expressed as finite series, the lengths of which

- function is the solution or solution basis of many fractional differential equations. It is also

depend on m and p.

Finally, various approximations of R-functions with both positive and negative arguments have
been developed. Clearly these approximations only hint at the possibilities, and much more is
possible.
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Appendix

The following relationships of the R-function with advanced functions are an extension of those
presented in reference [2]. The expansions used for the defined functions are all taken from
reference [3].
The product of the exponential function and the complementary error function is given by

exp( )erc+\/_ ZM R, 1/2(+10x) (A_l)

1+n/2

The error function as given by

2n+l

erf (x) = exp(- ZF 72) =R, (~1,0.x* )R, ,(L0.x?). (4-2)

The expansion for Dawson’s integral becomes

danly)= AT 5 I T o), (1-3)

2 &r(n+3/2) 2

Many distributions may be expressed in terms of exponential of powers of x (see [3], p.260).
Since R, (a,O, t) =R, (1,0, at): e’ these distributions may also be expressed as R-functions.
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