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List of Symbols

Roman
A mean flow speed of sound
At speed of sound at the tip radius
A dimensionless speed of sound, A/Ar
D/Dt convective derivative operator based on mean flow velocity
Dy derivative matrix using N points
e, € unit vector in axial and tangential directions
ke perturbation axial wavenumber
k reduced frequency, wry/Ar
m number of nodal diameters
M., Mg  axial and tangential Mach number
Pp mean and perturbation pressure
T radial coordinate
TH,TT hub and tip radius
T dimensionless radial coordinate, r/rr
S,s mean and perturbation entropy
t time
T kth Chebyshev polynomial
A% mean flow velocity
Vo, Vz tangential and axial components of mean flow velocity
v,V perturbation velocity and its complex amplitude

vq, Vg,V Tadial, tangential, and axial components of perturbation velocity
¥,,7g,0; perturbation velocity components divided by mean flow speed of sound
Vg phase velocity, k/¥

g group velocity, dk/d¥

T axial coordinate

Greek
5 dimensionless axial wavenumber, k.71
r free vortex strength
r r / (’I‘TAT)
] Kronecker delta
NH > NT hub and tip acoustic liner admittance
8 circumferential coordinate
K ratio of specific heats
Kmp modal separation constant, (4.1)
A eigenvalue, —t%
U radial mode index
[ mean and perturbation density
g hub to tip radius ratio
T transformed eigenvalue, (3.12)
0 angular frequency for solid body swirl
Q QTT / AT
w perturbation angular frequency
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Summary

This report characterizes the sets of small disturbances possible in cylindrical and annular ducts with mean
flow whose axial and tangential components vary arbitrarily with radius. The linearized equations of motion
are presented and discussed, and then exponential forms for the axial, circumferential, and time dependencies
of any unsteady disturbancesare assumed. The resultant equations form a generalized eigenvalue problem,
the solution of which yields the axial wavenumbers and radial mode shapes of the unsteady disturbances.
Two numerical discretizations are applied to the system of equations: (1) a spectral collocation technique
based on Chebyshev polynomial expansions on the Gauss-Lobatto points, and (2) second and fourth order
finite differences on uniform grids. The discretized equations are solved using a standard eigensystem package
employing the QR algorithm.

The eigenvalues fall into two primary categories: a discrete set (analogous to the acoustic modes found
in uniform mean flows) and a continuous band (analogous to convected disturbances in uniform mean flows)
where the phase velocities of the disturbances correspond to the local mean flow velocities. Sample mode
shapes and eigensystem distributions are presented for both sheared axial and swirling flows.

The physics of swirling flows is examined with reference to hydrodynamic stability and completeness
of the eigensystem expansions. The effect of assuming exponential dependence in the axial direction is
discussed.



1. Introduction

Our understanding of ducted, unsteady turbomachinery flows depends to a considerable extent on un-
derstanding the behavior of small disturbances in the fluid. For uniform mean flows, these disturbances
can be classified as vortical and entropic waves, which are purely convected by the mean flow, and acoustic
waves, which either propagate unattenuated or decay exponentially away from their source of origin [1]. The
response to any arbitrary unsteady excitation can then be determined as a linear combination of responses
due to the entropic, vortical, and acoustic parts of the excitation.

For uniform mean flows, the acoustic disturbances in an annular or cylindrical duct can be described
in terms of individual modes [2]. The modes have exponential dependencies in time and in the axial and
circumferential directions. The radial behavior is then described in terms of Bessel functions of the first
and second kind. The propagation characteristics of the acoustic modes are dependent upon the mean
flow quantities, duct geometry, and unsteady excitation parameters. By an appropriate selection of these
quantities, undesired acoustic modes can be “cut off,” i.e., generated such that they decay exponentially as
they move in the axial direction.

The unsteady modes also serve as means of communication between acoustic elements in a turbomachine
[3, 4], and can be used to determine the coupled responses of several acoustic elements simultaneously[5]. In
addition, the derivation of so-called “non-reflecting” far-field boundary conditions for CFD analyses depends
on an accurate modeling of the far-field unsteady behavior, otherwise the inlet and exit boundaries will give
rise to spurious, non-physical reflections [1, 6, 7].

The behavior of unsteady perturbations in ducted, uniform axial mean flows can be described by a
convected wave equation. For uniform mean flows, this equation is separable into the dependencies listed
above. To determine the analogous behavior for nonuniform mean flows, the assumption of periodic behavior
in time and in the axial and tangential directions results in a linear second-order ordinary differential equation
for the radial behavior. This equation, while linear, has variable coefficients, and does not permit an analytic
solution. It also contains a separation constant, arising in the separation of variables solution of the convected
wave equation, that acts as the eigenvalue for the unsteady acoustic modes. Numerical efforts to determine
the modes require a discretization in the radial direction and a subsequent calculation of the eigenvalues and
eigenvectors of the discretized system.

Early work in the modal analysis of nonuniform mean flows concentrated on integrating the second-order
ODE for the radial behavior, generally through numerical means. In the cases of flows with mean axial
shear, the relevant ODE was first analyzed for two-dimensional flows by Pridmore-Brown [8]. Subsequent
investigators integrated the ODE using Runge-Kutta methods [9, 10], iterative methods [11], and Galerkin
based methods [12]. See [13] for a review up to 1975. Since that time, numerical work has been done in [14]
and [15], and a theoretical basis for shear flows is given in [16, 17].

Less attention has been focussed on ducted, compressible swirling flows in turbomachinery, although
there is a rich literature [18] concerning rotating incompressible fluids without axial flow components. The
linearized Euler equations for flows with swirl are presented in [19, 20, 21], and cases with solid body swirl
have been examined in [22, 23] and [24]. Finally, Wundrow in [25] has examined swirling potential flows, i.e.,
flows containing a free vortex swirl. The swirling flow results have been applied to special classes of flows,
such as solid body and free vortex swirl. This restriction is relaxed in the present analysis.

While it is intuitively reasonable to assume that the unsteady behavior in time and the circumferential
direction can be described by exponentials, it is not as clear that this is an appropriate assumption for
the axial direction. There are thus significant existence, uniqueness, and completeness questions regarding
the analysis. These questions have been addressed to some degree by Shankar [26, 10] and Swinbanks [27],
who suggest that completeness may be achievable. Goldstein [16, 17] described the complete solution for
transversely sheared mean flows, and demonstrated the existence of a continuum of eigenvalues, some of which
give rise to acoustic disturbances and some of which do not. These two categories of disturbances are discussed
to some degree below. It is notable that Case [28, 29] specifically warned against the “naive” approach of
assuming exponential behavior, which could potentially miss the continuum modes. He recommended that
the linearized equations be solved using Fourier and Laplace transforms. In doing so, the continua of
eigenvalues arise naturally. Perhaps even more interesting is the fact that, according to Case [28], the same
continuum was first observed by Rayleigh [30] in 1913.

In this report, the flow inside a constant radius annular or cylindrical duct with acoustically lined walls is
examined using the linearized unsteady Euler equations. Any unsteady disturbances are presumed to have



exponential dependence in the axial and circumferential directions as well as time. The radial behavior is then
found by discretizing the equations on a Chebyshev-Gauss-Lobatto grid and analyzing the discrete system
using a standard eigensystem package. In the nonuniform mean flows studied, the unsteady disturbances
fall into two groups: a discrete set analogous to the acoustic modes in uniform mean flows and a continuous
band of “convected” modes.









































































































