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Abstract

A new high-resolution and genuinely multidimensional numerical method for solving
conservation laws is being developed. It was designed to avoid the limitations of the
traditional methods, and was built from ground zero with extensive physics considerations.
Nevertheless, its foundation is mathematically simple enough that one can build from it a
coherent, robust, efficient and accurate numerical framework.

Two basic beliefs that set the new method apart from the established methods are
at the core of its development. The first belief is that, in order to capture physics more
efficiently and realistically, the modeling focus should be placed on the original integral
form of the physical conservation laws, rather than the differential form. The latter form
follows from the integral form under the additional assumption that the physical solution
is smooth, an assumption that is difficult to realize numerically in a region of rapid change,
such as a boundary layer or a shock. The second belief is that, with proper modeling of the
integral and differential forms themselves, the resulting numerical solution should auto-
matically be consistent with the properties derived from the integral and differential forms,
e.g., the jump conditions across a shock and the properties of characteristics. Therefore a
much simpler and more robust method can be developed by not using the above derived
properties explicitly.

Specifically, to capture physics as fully as possible, the method requires that: (i) space
and time be unified and treated as a single entity; (ii) both local and global flux conser-
vation in space and time be enforced; and (iii) a multidimensional scheme be constructed
without using the dimensional-splitting approach, such that multidimensional effects and
source terms (which are scalars) can be modeled more realistically.

To simplify mathematics and broaden its applicability as much as possible, the method
attempts to use the simplest logical structures and approximation techniques. Specifically,
(i) it uses a staggered space-time mesh such that flux at any interface separating two con-
servation elements can be evaluated internally in a simpler and more consistent manner,
without using a separate flux model; (ii) it does not use many well-established techniques
such as Riemann solvers, flux splittings and monotonicity constraints such that the limi-
tations and complications associated with them can be avoided; and (iii) it does not use
special techniques that are not applicable to more general problems.

Furthermore, triangles in 2D space and tetrahedrons in 3D space are used as the basic
building blocks of the spatial meshes, such that the method (i) can be used to construct
2D and 3D non-dissipative schemes in a natural manner; and (ii) is compatible with the
simplest unstructured meshes.

Note that while numerical dissipation is required for shock capturing, it may also result
in annihilation of small disturbances such as sound waves and, in the case of flow with a
large Reynolds number, may overwhelm physical dissipation. To overcome this difficulty,
two different and mutually complementary types of adjustable numerical dissipation are
introduced in the present development.
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1. Introduction

Since its inception in 1991 [1], the space-time conservation element and solution ele-
ment method [1-32] has been used to obtain highly accurate numerical solutions for flow
problems involving shocks, rarefaction waves, acoustic waves, vortices, ZND detonation
waves, shock/acoustic waves/vortices interactions, dam-break and hydraulic jump. This
article is the first of a series of papers that will provide a systematic and up-to-date descrip-
tion of this new method (hereafter it may be referred to abbreviatedly as the space-time
CE/SE method or simply as the CE/SE method). To answer frequently-asked questions
and clarify possible misconceptions, we shall begin this paper with (i) an overall view of the
CE/SE method and its capabilities, and (ii) an extensive comparison of the basic concepts

used by the CE/SE method with those used by other methods.

Currently, the field of computational fluid dynamics (CFD) represents a diverse col-
lection of numerical methods, with each of them having its own limitations. Generally
speaking, these methods were originally introduced to solve special classes of flow prob-
lems. Development of the CE/SE method is motivated by a desire to build a brand new,
more general and coherent numerical framework that avoids the limitations of the tradi-
tional methods.

The new method is built on a set of design principles given in [2]. They include: (i)
To enforce both local and global flux conservation in space and time, with flux evaluation
at an interface being an integral part of the solution procedure and requiring no interpo-
lation or extrapolation; (ii) To unify space and time and treat them as a single entity;
(iii) To consider mesh values of dependent variables and their derivatives as independent
variables, to be solved for simultaneously; (iv) To use only local discrete variables rather
than global variables like the expansion coefficients used in spectral methods; (v) To de-
fine conservation elements and solution elements such that the simplest stencil will result;
(vi) To require that, as much as possible, a numerical analogue be constructed so as to
share with the corresponding physical equations the same space-time invariant properties,
such that numerical dissipation can be minimized [5,10,24]; (vii) To exclude the use of
characteristics-based techniques (such as Riemann solvers); and (viii) To avoid the use of
ad hoc techniques as much as possible.

Moreover, the development of the CE/SE method is also guided by two basic beliefs
that set it apart from the established methods. The first belief is that, in order to cap-
ture physics more efliciently and realistically, the modeling focus should be placed on the
original integral form of the physical conservation laws, rather than the differential form.
The latter form follows from the integral form under the additional assumption that the
physical solution is smooth, an assumption that is difficult to realize numerically in a re-
gion of rapid change, such as a boundary layer or a shock. The second belief is that, with
proper modeling of the integral and differential forms themselves, the resulting numerical
solution should automatically be consistent with the properties derived from the integral
and differential forms, e.g., the jump conditions across a shock and the properties of char-
acteristics. In other words, a much simpler and more robust method can be developed by
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not using the above derived properties explicitly.

With the exception of the Navier-Stokes solver, all the 1D schemes described in [2]
have been extended to become their 2D counterparts [9-11,14]. A more complete account
of these new 2D schemes and their applications will be given in this and the following
papers [3,4]. It will be shown in Sec. 3 that the spatial meshes used in these schemes
are built from triangles—in such a manner that the resulting meshes are completely dif-
ferent from those used in the finite element method. As a result, these schemes are (i)
compatible with the simplest unstructured meshes [31], and (ii) constructed without using
the dimensional-splitting approach, i.e., without applying a 1D scheme in each coordinate
direction. The dimensional-splitting approach is widely used in the construction of multidi-
mensional upwind schemes. Unfortunately, this approach is flawed in several respects [33].
In particular, because a source term is not aligned with a special direction, it is difficult to
imagine how this dimensional-splitting approach, in a logically consistent manner, can be
used to solve a multidimensional problem involving source terms, such as those modeling
chemical energy release.

Moreover, as will be shown shortly, because the CE/SE 2D schemes share with their
1D versions the same design principles, not only is the extension to 2D a straightforward
matter, each of the new 2D schemes also shares with its 1D version virtually identical
fundamental characteristics.

At this juncture, note that monotonicity conditions are not observed by general flow
fields, e.g., those involving ZND detonation waves [21]. As a result, techniques involving
monotonicity constraints are not used in the present development.

To give the reader, in advance, a concrete example that demonstrate the validity
of the two basic beliefs referred to earlier, a self-contained Fortran program is listed in
Appendix A. It is a CE/SE solver [23] for an extended Sod’s shock tube problem that
is the original Sod’s problem [38] with the additional complication of imposing a non-
reflecting boundary condition at each end of the computational domain. Note that the
flow under consideration contains discontinuities and, relative to the computational frame,
is subsonic throughout. It is well known that implementing a non-reflecting boundary
condition for a subsonic flow is much more difficult than doing the same for a supersonic
flow. This difficulty is further exacerbated by the fact that the traditional non-reflecting
boundary conditions, e.g., the characteristic, the radiation (asymptotic), the buffer-zone,
and the absorbing boundary conditions [39-44] are all based on an assumption that is not
valid for the present case, i.e., that the flow is continuous. In spite of the fact that solving
the present extended Sod’s problem is substantially more difficult than the original Sod’s
problem, the main loop in the program listed herein contains only 39 Fortran statements.
Not only is it very small in size, this program has a very simple logical structure. With
the exception of a single “if” statement used to identify the time levels at which the
non-reflecting boundary conditions must be imposed, it contains no conditional Fortran
statements or functions such as “if”, “amax”, or “amin” that are often used in programs
implementing high-resolution upwind methods. The small size of the listed program reflects
the simplicity of the techniques employed by the CE/SE method to capture shock waves.
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It also results from the fact that the non-reflecting boundary conditions used in the present
solver are the simple extrapolation conditions Egs. (2.66) and (2.67) given in Sec. 2. They
are much simpler than the traditional non-reflecting boundary conditions. On the other
hand, the absence of Fortran conditional statements is a result of avoiding the use of
ad hoc techniques. In spite of its small size and simple logical structure, according to
the numerical results generated by the listed program (presented here as Figs. 1(a)—(c),
with the numerical results and the exact solutions denoted by triangles and solid lines,
respectively; see also [23]), the present solver is capable of generating nearly perfect non-
reflecting solutions using the same time-step size from ¢ = 0. Note that, at ¢ = 10, all the
waves have exited the computational domain, i.e., the exact solution is constant within
it. The theoretical values of density, velocity, and pressure are approximately 0.4262000,
0.9277462 and 0.3030000, respectively. The maximum magnitudes of the errors in the
numerically computed values of density, velocity, and pressure at ¢ = 10 are approximately

0.0004, 0.0007, and 0.0004, respectively.

Note that Eqgs. (2.66) and (2.67) represent only one of many sets of simple and ro-
bust non-reflecting boundary conditions developed especially for the CE/SE method [23].
Behind this development is a radical new concept based entirely on an assumption about
the space-time flux distribution in the neighborhood of a spatial boundary. As a result,
implementation of these CE/SE non-reflecting boundary conditions does not require the
use of characteristics-based techniques.

To further demonstrate the nontraditional nature of the CE/SE method, the numeri-
cal results generated using the steady-state non-reflecting boundary conditions that were
introduced and rigorously justified in [23] will also be presented here. Consider an alter-
nate CE/SE solver that differs from the above CE/SE solver only in the fact that the
steady-state boundary conditions Eq. (2.68) given in Sec. 2 are now taking the place of
Egs. (2.66) and (2.67). At t = 0.2, the waves generated in the interior of the computational
domain have not yet reached the boundaries. In this case, with the given initial conditions
(i.e., two different uniform states separated by a discontinuity located at the dead center of
the domain), each of the above two solvers yield the same uniform solution in the vincinity
of the right or left boundary. As a result, at ¢ = 0.2, the numerical results generated by
the alternate solver are identical to those shown in Fig. 1(a). The numerical results of the
alternate solver at ¢ = 0.4 are shown in Fig. 2(a). It is seen that, by this time, the shock
wave has passed cleanly through the right boundary. There is good agreement between
the numerical solution and the exact solution everywhere in the interior except for a slight
disagreement in the vicinity of the right boundary. Note that the right boundary values,
which do not vary with time, are discontinuous with respect to the neighboring interior
values. The numerical results at ¢ = 0.6 are shown in Fig. 2(b). As seen from the density
profile, by this time, the contact discontinuity has also passed through the right boundary.
Agreement between the numerical solution and the exact solution continue to be good in
the interior. However, both left and right boundary values are now discontinuous with
respect to the neighboring interior values.

Note that several recent applications [13,16,17,26,28] of the CE/SE method to 2D
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aeroacoustics problems reveal that: (i) the trivial nature of implementing CE/SE non-
reflecting boundary conditions is manifested even for 2D problems; (ii) accuracy of the
numerical results for nonlinear Euler problems is comparable to that of a 4-6th order
compact difference scheme, even though nominally the CE/SE solver used is only of 2nd-
order accuracy; and (iii) most importantly, the CE/SE method is capable of accurately
modeling both small disturbances and strong shocks, and thus provides a unique tool
for solving flow problems where the interactions between sound waves and shocks are
important, such as the noise field around a supersonic over- and under-expanded jet. The
fact listed in item (i) is more fundamental in nature, and will be further discussed in a
separate paper. The following comments pertain to items (ii) and (iii):

(a) Assuming the same order of accuracy, generally speaking, the accuracy of a scheme
that enforces the space-time flux-conservation property is higher than that of a scheme
that does not. A compact scheme generally does not enforce the flux-conservation
property of the nonlinear Euler equations. On the contrary, not only is the present
scheme flux-conserving, its accuracy in nonlinear calculations is enhanced by its sur-
prisingly small dispersive errors [2,8,13,16,17]. Moreover, the nominal order of accu-
racy of an Euler solver is determined assuming a linearized form of the Euler equations.
Thus its significance with respect to a highly nonlinear solution of the Euler equations
may be questionable.

(b) while numerical dissipation is required for shock resolution, it may also result in
annihilation of small disturbances such as sound waves. Thus, a solver that can handle
both small disturbances and strong shocks must be able to overcome this difficulty.
It will be explained shortly that the CE/SE method is intrinsically endowed with this
capability. On the other hand, a high-resolution upwind scheme that focuses only on
shock resolution may introduce too much numerical dissipation [45].

Next we shall review briefly the inviscid version of the a-u scheme described in [2]. In
addition to providing a historical perspective, the review will remove, once and for all, any
lingering doubt from the reader’s mind that the CE/SE method indeed differs substantially
in both concept and methodology from the well-established methods. In particular, it will
give in advance answers to questions such as: (i) is there any difference between the space-
time elements used here and those used in the finite element method? and (ii) what are
the key differences between the CE/SE method and other finite volume methods?

To proceed, consider an initial-value problem involving the PDE

Ju Ju

n + Ay = 0 (1.1)
where the convection speed a is a constant. The exact solution to any such problem
has three fundamental properties: (i) it does not dissipate with time; (ii) its value at a
spatial point at a later time has a finite domain of dependence (a point) at an earlier
time; and (iii) it is completely determined by the initial data at a given time. Ideally, a
numerical solution for Eq. (1.1) should also possess the same three properties. Because
(i) a solution of a dissipative numerical scheme will dissipate with time, (ii) the value of a
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solution of an implicit scheme at any point (z,t) is dependent on all initial data, and all
the boundary data up to the time ¢, and (iii) the unique determination of a solution by a
scheme involving more than two time levels requires the specification of the data at at least
the first two time levels, an ideal solver must be a two-level, explicit, and non-dissipative
(i.e., neutrally stable) scheme. In 1991, the first solver known to the authors that satisfies
the above conditions was reported in [1]. Because this new solver models Eq. (1.1) which
is characterized by the parameter a, it is referred to as the a scheme. The a scheme is
non-dissipative if the Courant number is less than unity.

At this juncture, the reader may wonder what the merit is of constructing a neutrally
stable scheme. After all, it is well known that its nonlinear extensions generally are unsta-
ble. To address this question, the significance of constructing such a scheme and the critical
role it plays in the development of the CE/SE method will be discussed immediately.

To proceed, note that there are several explicit and implicit extensions [2,12,25] of the
a scheme which are solvers for

Ou Ou Pu

e + O THaz = 0
Here the viscosity coefficient u(> 0) is a constant. Because Eq. (1.2) is characterized by
the parameters ¢ and p, these extensions are referred to as either the explicit a-p schemes
or the implicit a-u schemes. Each of these schemes reduces to the non-dissipative a scheme
when g = 0. As a result, each of them has the property that the numerical dissipation of
its solutions approaches zero as the physical dissipation approaches zero.

(1.2)

The above property is important because of the following observation: with a few
exceptions, the numerical solution of a time-marching problem generally is contaminated
by numerical dissipation. For a nearly inviscid problem, e.g., flow at a large Reynolds
number, numerical dissipation may overwhelm physical dissipation and cause a complete
distortion of the solution. To avoid such a difficulty, ideally a CE/SE solver for Eq. (1.2)
or for the Navier-Stokes equations should possess the above special property. Obviously
the development of such a solver must be preceded by that of a neutrally stable solver of
Eq. (1.1).

The problem of physical dissipation being overwhelmed by numerical dissipation does
not exist for a pure convection problem. However, as explained in the earlier discussion
about the delicate nature of simulating small disturbances in the presence of shocks, nu-
merical dissipation must still be handled carefully in this case.

Note that numerical dissipation traditionally is adjusted by varying the magnitude of
added artificial dissipation terms. However, after being stripped of these added artificial
dissipation terms, almost every traditional scheme (such as the Lax-Wendroff scheme) is
still not free from inherent numerical dissipation. Hence, numerical dissipation generally
cannot be avoided completely using the traditional approach.

This completes the discussion about the roles of non-dissipative schemes in the current
development. To proceed further, the construction of the 1D a scheme will be described

briefly.
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Let z; = z, and 3 = t be considered as the coordinates of a two-dimensional Eu-
clidean space E;. By using Gauss’ divergence theorem in the space-time F, it can be
shown that Eq. (1.1) is the differential form of the integral conservation law

]{ h-ds=0 (1.3)
S(V)

As depicted in Fig. 3, here (i) S(V) is the boundary of an arbitrary space-time region V
in Es; (ii) h = (au, u) is a current density vector in Fs; and (iii) ds'= do 7 with do and
7, respectively, being the area and the outward unit normal of a surface element on S(V).
Note that (i) k- dsis the space-time flux of h leaving the region V through the surface
element ds, and (ii) all mathematical operations can be carried out as though E, were an
ordinary two-dimensional Euclidean space.

Let © denote the set of all mesh points (j,n) in E; (dots in Fig. 4(a)) with n being
a half or whole integer, and (j — n) being a half integer. For each (j,n) € Q, let the
solution element SE(j,n) be the interior of the space-time region bounded by a dashed
curve depicted in Fig. 4(b). It includes a horizontal line segment, a vertical line segment,
and their immediate neighborhood. For the discussions given in this paper, the exact size of
this neighborhood does not matter. However, in case the conservation law Eq. (1.3) takes
a more complicated form in which the right side is a volume integral involving a source
term, the SEs must fill the entire computational domain such that the volume integral can
be modeled properly [21,22]. A SE that fulfills this requirement is depicted in Fig. 4(c¢).

For any (z,t) € SE(j,n), let u(z,t) and E(w,t), respectively, be approximated by
u*(z,t;7,n) and i:*(w,t ;7,m) which we shall define shortly. Let

u(z,t55,m) = uf + (ua) (@ — zj) + (we) 7 (¢ — ) (1.4)

where (i) u7?, (us)?, and (u¢)? are constantsin SE(j,n), and (ii) (z;,%") are the coordinates
of the mesh point (j,n).

We shall require that u = u*(z,t;j,n) satisfy Eq. (1.1) within SE(j,n). As a result,
(ue)} = —a(uz)f (1.5)

Combining Eqs. (1.4) and (1.5), one has
w(e,t5d,m) = uf + (ua)] (2 — ;) —a(t — )], (2,0) €SE(,n)  (L6)

As a result, there are two independent marching variables u7 and (uz)? associated with

each (7,n) € Q. Furthermore, because h= (au,u), we define

ﬁ*(w,t 17,m) = (au*(w,t i7,m), u*(z,t ;j,n)) (1.7)
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Let E; be divided into non-overlapping rectangular regions (see Fig. 4(a)) referred to
as conservation elements (CEs). As depicted in Figs. 4(d) and 4(e), the CE with its top-
right (top-left) vertex being the mesh point (7,7) € Q2 is denoted by CE_(j,n) (CEL(j,n)).
The discrete approximation of Eq. (1.3) is then

]{ R* - ds=0 (1.8)
S(CE4(jm))

for all (j,n) € Q. At each (j,n) € Q, Eq. (1.8) provides the two conditions needed to
solve its two independent marching variables. In the following, the manner in which the
integrals in Eq. (1.8) should be evaluated will be explained by considering the case that
involves CE_(j,n).

According to Fig. 4(d), S(CE_(3,n)), i.e., the boundary of CE_(j,n), is formed by
four line segments. Among them, AB and AD lie within SE(j,n). As a result, the
flux leaving CE_(j,n) through these two line segments will be evaluated using Egs. (1.6)
and (1.7) with the assumption that any point (z,¢) on them belongs to SE(j,n). On
the other hand, because CB and CD lie within SE(j — 1/2,n — 1/2), the flux leaving
CE_(7,n) through them will be evaluated assuming any point (z,?) on them belongs to
SE(j —1/2,n—1/2).

According to Eq. (1.8), the total flux of h* leaving the boundary of any conserva-
tion element is zero. Because the surface integration over any interface separating two
neighboring CEs is evaluated using the information from a single SE, obviously the lo-
cal conservation relation Eq. (1.8) leads to a global flux conservation relation, i.e., the
total flux of h* leaving the boundary of any space-time region that is the union of any
combination of CEs will also vanish.

From the above discussions, it becomes obvious that the space-time element used in
the finite element method differs from the current space-time SE and CE in both concept
and the roles they serve. In particular, the former is not introduced to enforce flux conser-
vation. In contrast to this, in the CE/SE method, flux conservation transmits information
between neighboring SEs, and no global smoothness requirements are made on the solu-
tion to link neighboring SEs. This strategy enables the accurate capturing of traveling
multidimensional solution discontinuities, e.g., moving multidimensional shock waves.

Furthermore, the CE/SE method is also fundamentally different from the traditional
finite-volume methods such as the high-resolution upwind methods [46,47] and the dis-
continuous Galerkin method [48] in one important respect, i.e., because of the space-time
staggering nature of its solution elements, the present method has a much simpler and
consistent procedure to evaluate the flux at an interface. The key features of CE/SE flux-
evaluation that distinguish it from those of the traditional methods are discussed in the
following remarks:

(a) Because an interface separating two neighboring CEs lies within a SE, the flux at this
interface is evaluated without interpolation or extrapolation. Furthermore, the SE to
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which a particular interface belongs is determined by a rule that is independent of the
local numerical solution. In other words, the concept of special upwind treatments
and the complications that arise from these treatments are entirely foreign to the
CE/SE method. To be more specific, consider the flux at the interface AD depicted
in Fig. 4(d). It is completely determined by u} and (u.)},
associated with the predetermined mesh point (j,n), i.e., point A.

two numerical variables

Flux evaluation is straightforward and it requires only simple integration involving the
first-order Taylor’s expansion. No complicated techniques such as the characteristics-
based techniques are ever needed.

Finally, we also want to emphasize that the concepts used in the construction of the

a scheme are fundamentally different from several schemes introduced by Nessyahu and
Tadmor[49], and Sanders and Weiser [50] except that the meshes used by the a scheme
and the latter schemes are all staggered in time. The key features of the a scheme that
distinguish it from the latter schemes include: (i) the mesh values of both the dependent

variable and its spatial derivative are considered as the independent variables, to be solved

for simultaneously; and (ii) no interpolation or extrapolation techniques are used in the
construction of the a scheme. Note that the differences between the latter schemes and an
extension of the a scheme were also clearly spelled out by Huynh [51].

(a)

This section is concluded with the following remarks:

The a scheme can be constructed from a different perspective in which both CEs and
SEs have the shape of a rthombus [2]. In this alternative construction, the differential
condition Eq. (1.5) is not assumed. Instead it becomes a result of a local flux conserva-
tion condition and Eq. (1.4). In other words, the a scheme can be constructed entirely
from flux conservation conditions and the assumption that u*(z,t;j,n) is linear in
and t.

The a scheme has many non-traditional features. They were discussed in great detail
in [2].

Because there are two independent marching variables at each mesh point € €, two
amplification factors appear in the von Neumann stability analysis of the a scheme [2].
It happens that these two factors are identical to those of the Leapfrog scheme [52] if
the latter factors arise from a “correct” von Neumann analysis [2]. Note that the main
Leapfrog scheme (excluding its starting scheme which relates the mesh variables at
the first two time levels), the Lax scheme [52], and the main DuFort-Frankel scheme
[52] share one special property, i.e., a solution to any one of these schemes is formed by
two decoupled solutions. Traditionally the von Neumann analysis for these schemes
is performed without taking into account this decoupled nature. It is explained in
[2] why such an erroneous analysis will result in a dispersive property prediction that
makes the dispersion appear worse than it really is. Moreover, because (i) the a
scheme and the Leapfrog scheme share the same amplification factors, and (ii) the a
scheme is a two-level scheme while the Leapfrog scheme is a three-level scheme, the a
scheme can be considered as a more advanced and compact Leapfrog scheme.
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The fact that the amplification factors of the a scheme are related to those
of a celebrated classical scheme is only one among a string of similar unexpected
coincidences encountered during the development of the CE/SE method. As it turns
out [2,12,25], the amplification factors of the Lax, the Crank-Nicolson, and the DuFort-
Frankel schemes also are related to those of some of the extensions of the a scheme.
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2. Review of the 1D Schemes

In this section, we shall (i) review and reformulate the 1D schemes described in [2],
and (i) fill a gap in the derivation of Eq. (4.28) in [2]. Not only does the reformulation
enable the reader to see more clearly the structural similarity between the 1D solvers of
Eq. (1.1) and their Euler counterparts, it also makes it easier for him to appreciate the
consistency between the construction of the 1D CE/SE solvers and that of the 2D solvers
to be described in the later sections.

2.1. The a Scheme

As the first step, the marching procedure of the a scheme will be cast into a form

slightly different from that given in [2]. To proceed, let the Courant number v L aat /Az.
Also let A

n, def AL n
(uj)j = Z(uw)j (2.1)

for any (7,n) € Q. Hereafter the superscript symbol “4” is used to denote a normalized
parameter. Using Eq. (2.1), Egs. (1.6)—(1.8) imply that

n—1/2

[(1 —vu+(1-— 1/2)1[;]: = [(1 —vu—(1-— 1/2)1[;]]._'_1/2 (2.2)
and
() — (1= v2)ud]? = [+ v)u+ (1= 0] 7 (2.3)

for all (j,n) € Q. To simplify notation, in the above and hereafter we adopt a convention
that can be explained using the expression on the left side of Eq. (2.2) as an example, i.e.,

[(1 —vu+(1-— 1/2)1[;]: =(1- V)u? +(1- 1/2)(’11,;1—)?

Moreover, to streamline the future development, we define

n— def n—1/2
(4 (1 + y)uj}j+l//2 (2.4)
n— def n—1/2
(s )0 fs &+ (1= v)uf ] (2.5)
and .
at\n def n— n—
S (O O (2.6)

By adding Egs. (2.2) and (2.3) together, and using the above definitions, one has

1

w = (= pn s+ o)) (j,n) € Q (2.7)

NASA/TM—1998-208843 11



Let 1 —v? #0,ie.,1—v #0and 1 4+ v # 0. Then Eqgs. (2.2) and (2.3) can be divided by
(1 —v) and (1 + v), respectively. By subtracting the resulting equations from each other
and using Eqgs. (2.4)—(2.6), one has

(ud)} = (ug™)f (4,m) € Q (2.8)

Because both (s_|_);:11//22 and (s_)?__ll//; are explicit functions of the marching variables
at the (n —1/2)th time level, Eqgs. (2.7) and (2.8) form the explicit marching procedure for
the a scheme. Note that these equations can be obtained from the inviscid form of the a-p
scheme, i.e., Eq. (2.14) in [2]. Also note that the superscript symbol “a” in the parameter

(ug™)? is introduced to remind the reader that Eq. (2.8) is valid for the a scheme.

2.2. The a-¢ Scheme
In the a-¢ scheme [2], CE;(j,n) and CE_(7,n), which are depicted in Figs. 4(d) and

4(e), respectively, are not considered as conservation elements, i.e., Eq. (1.8) is no longer
applicable. Instead, one assumes that

]f R*-ds=0, (j,n) € Q (2.9)
S(CE(j,n))

where CE(j,n) is the union of CE,(j,n) and CE_(j,n) (see Fig. 4(f)). In other words,
CE(7,n) is a conservation element in the a-e scheme. Again the local conservation condition
Eq. (2.9) leads to a global conservation condition [2], i.e., the total flux of h* leaving the
boundary of any space-time region that is the union of any combination of new CEs will
also vanish.

It was explained in [2] that Eq. (2.7) follows directly from Eq. (2.9). As a result, the
former is also valid in the a-¢ scheme. The a-¢ scheme is formed by Eq. (2.7) and another
equation that differs from Eq. (2.8) only in the expression on the right side. To show more
clearly the similarity of the 1D schemes and their 2D versions to be described in the later
sections, in the following, the counterpart of Eq. (2.8) in the a-e scheme will be rederived
from a perspective different from that presented in [2].

Let (j,m) € Q. Then (j £1/2,n —1/2) € Q. Let

n def n— n—
Wity ul (st /2) () ) (2.10)

Substituting Eqgs. (1.5) and (2.1) into Eq. (2.10) and using the definition v = aat/az, one
has

n—1/2

s (2.11)

uljil/2 = [u —2v uj]

Note that, by definition, (j +1/2,n) ¢ Q if (j,n) € Q. Thus uljll/2 is associated with a
mesh point ¢ Q. The reader is warned that similar situations may occur in the rest of this
paper.
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According to Eq. (2.10), uljil/2 can be interpreted as a first-order Taylor’s approxi-
mation of w at (j +1/2,n). Thus

- AT

u'mo —ul? uwt, —ul”
(ust)? def "j+1/2 . i-1/2 _ % ( it1/2 ]_1/2) (2.12)

is a central-difference approximation of du/0z at (j,n), normalized by the same factor
Az /4 that appears in Eq. (2.1). Note that the superscript “c”
of the central-difference nature of the term (ufj;");b In the a-€ scheme, Eq. (2.8) is replaced

by

is used to remind the reader

(ud)} = (ug ™)} + 2e(ug™ —ug™)} (2.13)

where € is a real number.

At this juncture, note that, at each mesh point (j,n) € Q, Egs. (2.7) and (2.8) are
the results of two conservation conditions given in Eq. (1.8). Because Eq. (2.13) does not
reduce to Eq. (2.8) except in the special case € = 0, at each mesh point (j,n) € 2, generally
the a-e scheme satisfies only the single conservation condition Eq. (2.9) rather than the
two consevation conditions Eq. (1.8). However, because (u‘i"')? generally is present on the
right side of Eq. (2.13), the a-€¢ scheme generally will still be burdened with the cost of
solving two conservation conditions at each mesh point. The exception occurs only for the

special case € = 1/2, under which Eq. (2.13) reduces to (uf)? = (ugt)?.

Note that the first part of the expression on the right side of Eq. (2.13), i.e., (ui"')?,
emerges from the development of the non-dissipative a scheme. As a result, it is the non-
dissipative part. On the other hand, the second part, whose magnitude can be adjusted
by the parameter €, represents numerical dissipation introduced by the difference between
the central difference term (ufj;")? and the non-dissipative term (ui"')? Thus one may
heuristically conclude that the numerical dissipation associated with the a-¢ scheme can
be increased by increasing the value of €. It was shown in [2] that this conclusion is indeed

valid in the stability domain of the a-¢ scheme, i.e.,

0<e<1l, and ?<1 (2.14)

According to Eqgs. (2.4)—(2.6), (2.11) and (2.12), both (ufj;");b and (u‘i"')? are explicitly
dependent on v (and therefore explicitly dependent on at). However, (uSt — u‘é"')? is not
dependent on v. As a matter of fact, it can be shown that

c a n 1 n—1/2 n—1/2 1 n—1/2 n—1/2
(uz+ - uz+)j = 9 (u—zl—)j+1//2 + (u—zi—)j—l//2] - 4 <uj—|—1//2 B uj—l//2> (2'15)

Let (du,)? be the parameter defined by Eq. (3.2) in [2]. Then it can be shown that

c a n AT n
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n

Note that, in the original development [2], (du,)”
metry of the stencil of the a scheme with respect to space-time inversion. This symmetry

was introduced to break the sym-

breaking results in the a-¢ scheme that was originally defined by the matrix equation
Eq. (3.6) of [2]. Its two component equations are Eq. (2.7) and

+\n __ (. at+\n +\n—1/2 +\n—1/2 1 n—1/2 n—1/2
(uz )j - (uz )j te (uz )j+1/2 + (uz )j_1/2 - 5 <uj_|_1/2 - uj_1/2>] (2'17)
with the latter being equivalent to Eq. (2.13). It should be emphasized that the fact that
(uf)? = (ugt)? when e = 1/2, and that therefore the a-e scheme can be considered as a
central-difference scheme in this special case, was a later accidental discovery.

2.3. The Euler a Scheme

For a reason that will soon become obvious to the reader, reformulation of the inviscid
(1 = 0) version of the Navier-Stokes solver described in Section 5 of [2] will precede that
of the Euler solvers described in Section 4 of [2]. Because the inviscid version is also an
Euler solver and, like the a scheme, is free of numerical dissipation if it is stable, it will be
referred to as the Fuler a scheme.

To proceed, consider the Euler equations [2]
hbm | GIm _ m=1,2,3 (2.18)

where (1) wm, m = 1,2,3, are the independent flow variables to be solved for, and (ii) fr,,
m = 1,2,3, are known functions [2] of w,,, m = 1,2,3. Assuming that the physical solution
is smooth, Eq. (2.18) is a result of the more fundamental space-time flux conservation laws

]f B - d5 =0, m=1,2,3 (2.19)
S(V)

where k., = (fmy Um), m =1,2,3.
To proceed, let (i)

Fok & 0 /O, m,k=1,2,3 (2.20)

and (ii) F'* be the 3 x 3 matrix formed by (at/az)fm k, m,k = 1,2,3. Note that, as a
result of (ii), F'* = (at/az)F where F is the matrix that appears in Eq. (4.8) in [2]. Also
let (us)7 be the numerical version of u,, at any (j,n) € Q. Because f, and fn s are
functions of un,, for any (j,n) € 0, we can define (f,)? and (fmk)7 to be the values of
fm and fr, , respectively, when u,,, m = 1,2, 3, respectively, assume the values of (um)?,
m = 1,2,3. Furthermore, because f,,, m = 1,2,3, are homogeneous functions of degree 1

[563, p. 11] in the variables u,,, m = 1,2, 3, we have

(Fm)}F = (o)} (ui)} (2.21)

k=1

NASA/TM—1998-208843 14



Note that Eq. (2.21) is not essential in the development of the 1D CE/SE Euler solvers.
However, in some instances, it is used to recast some equations into more convenient forms.

For any (z,t) € SE(j,n), um(z,t), fm(z,t) and ﬁm(w,t) are approximated by

why(2,835,1) = (um)? 4 (o) (@ — 25) + (wme) 2t — ") (2.22)
Fa(@,t55,m) = (Fm)? + (Frma) M@ — ©5) + (Frt)H(E — ) (2.23)

and
Bt (2, t55,m) = (£ (2 t55,m), ulb(z,t55,n)) (2.24)

respectively [2]. Here (i) (um)? and (umz)} are the independent marching variables to be
solved for, and (ii) (fmz);b, (fmt)?, and (umt)? are the functions of (um)? and (umz)?,

m = 1,2,3, defined by Egs. (4.10), (4.11), and (4.17) in [2].
For all (j,n) € Q, we assume that

]f R* -ds=0, m=1,2,3 (2.25)
S(CBx (j,m))

Note that Eqgs. (2.18), (2.19) and (2.25) are the Euler counterparts of Egs. (1.1), (1.3)
and (1.8), respectively. With the aid of Eqgs. (2.22)—(2.24), Eq. (2.25) implies that, for all
(4,n) € @,

()} = (m)firfs 4 5 [(ume) i fs + (e
t st (2.26)
A n— n A n— n
:I: E (fm)j:tll//; - (fm)]] :IZ 4A€C [(fmt)jill//; ‘|‘ (fmt)j] = 0‘

Eq. (2.26) is the inviscid version of the Navier-Stokes marching scheme originally given in

Eq. (5.19) of [2].
For each (j,n) € Q, let (i)

n def AZ n
(Uma)] = ) (ume)], m=1,2,3 (2.27)

(ii) ¥} and (ﬁj)?, respectively, be the 3 x 1 column matrices formed by (u,)7 and (u)t, )%,
m =1,2,3, and (iii) (F"');L be the 3 x 3 matrix formed by (at/az)(fm,x)7, m,k =1,2,3.
Then with the aid of Egs. (4.10), (4.11) and (4.17) in [2], and Eq. (2.21), one can rewrite

Eq. (2.26) as a pair of matrix equations, i.e. for any (j,n) € Q,

(I - FHa+ (I- (P at]s = (- FHa— (I - (F?) al]r (2.28)

z zljt1/2
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and

n—1/2
ji—1/2

(T + F4yi— (1= (FF?)ad]T = [(T+ F*)a+ (I - (F)?) @]

T T

(2.29)

where [ is the 3 x 3 identity matrix.

Note that the flux conservation conditions Eqs. (2.2) and (2.3), and its Euler coun-
terparts, i.e., Eqs. (2.28) and (2.29) share the same algebraic structure. As a matter of
fact, the former pair will become the latter pair if the symbols 1, v, w and u] are replaced
by I, F*, @ and u}, respectively. As a result, Eqs. (2.28) and (2.29) will be solved by a
procedure similar to that used earlier to extract Eqgs. (2.7) and (2.8) from Egs. (2.2) and
(2.3). However, because (i) matrix multiplication is not commutative and (ii) the matrix
(F"');L is a function of (unm)?,
shortly, the algebraic structure of the solution to Egs. (2.28) and (2.29) is more complex
than that of Egs. (2.7) and (2.8).

To proceed, let (j,n) € Q and

m = 1,2,3, while v is a simple constant, as will be shown

- \n— def n—1/2
(&) e g — (1 + F+)ﬁ‘j]j+1//2 (2.30)
and def 1/2
- \n—1/2 de — n—
(2 = @+ (= FHaf] ), (2.31)

Then the addition of Eqgs. (2.28) and (2.29) implies that

4 1 L 1n—1/2 L qn—1/2
T =+ +
= {(T=FHa 70+ [+ FH5 ] (2.32)
Note that: (i) Eq. (2.32) is equivalent to Eq. (4.24) in [2]; and (ii) Eqgs. (2.30)—(2.32) are
the Euler counterparts of Egs. (2.4), (2.5) and (2.7), respectively.

Equation (2.32) represents the first part of the solution to Egs. (2.28) and (2.29).
To obtain the second part, one must assume the existence of the inverse of the matrix
[l — (F+)2]? for all (j,n) € Q. In the following, we shall briefly discuss the significance of
this assumption.

Let v and ¢ be the fluid speed and sonic speed, respectively. They are known functions
of wm, m =1,2,3 [2]. For each (j,n) € 2, let v and c7, respectively, denote the values of
v and ¢ when u,,, m = 1,2, 3, respectively, assume the values of (um)?, m=1,2,3. Let

o def AT " n def AT o def AT "
()} = E("" —ci), (1)} = g (v3)] = E(vj + ¢¥) (2.33)
Then, by using (i) the relation F* = (at/az)F, (i) the fact that the eigenvalues of the
matrix F' are v — ¢, v and v + ¢ (see Eq. (4.8) in [2]), and (iii) the fact that the eigenvalues
of f(A) are f(A1), f(A2), f(X3), ..., f(An) if the eigenvalues of a matrix A4 are A1, A2, As,
..+ A and f(A) is a polynomial of 4, one concludes that the eigenvalues of [I — (F+)2]?
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are [1 — ((w)?)ﬂ, ¢=1,2,3. Because any square matrix is nonsingular (and therefore its
inverse exists) if and only if all its eigenvalues are nonzero [54, p.14], one concludes that

the inverse of [I — (F1)?]? exists if and only if

[(ve)7]? # 1, £=1,2,3 (2.34)

In this paper, we shall assume a more restrictive condition than Eq. (2.34), i.e., for all
(j,n) € Q, the local Courant number v < 1. Here

v max{|(v1)?], [(v2)7], 1(v3) 2} (2.35)
Note that, because
(I—FYYI+FY)=I+FY)I—-F)=I—(F")? (2.36)

the inverse of [I + (F'7)]? exists if the inverse of [I — (FT)?]? exists.
Let (j,n) € Q. Let the marching variables at the (n —1/2)th time level be given. Then

u? can be evaluated using Eq. (2.32). Because [I & F'*|? is a function of 47, it follows that

n—1/2

(S < [(I—FO3 7 [T —Fhya— (- (FY2)at]h ), (2.37)
(S & [+ P 7 [T+ Fha+ (T (F) af]7 ) (2.38)

and .
(@z)y < (S - S1) (2.39)

J 2
can also be evaluated. Note that, in the above and hereafter, the inverse of a matrix 4 is
denoted by A71.
To obtain the second part of the solution to Egs. (2.28) and (2.29), they are multiplied
from the left by
[(I-F5)?]7 and [+ FH)?]7

respectively. Let the resulting expressions be subtracted from each other. Then, with the
aid of Eq. (2.36), one obtains

(a3)f = (a57)7, (J,n) € @ (2.40)
Equations (2.32) and (2.40) define the marching procedure of the Euler a scheme. Note
that the superscript symbol “a” in (¥%*)? is intoduced to remind the reader that Eq. (2.40)

J
is valid for the Euler a scheme.

It has been shown by numerical experiments that the Euler a scheme is neutrally stable
in the interior of the computational domain up to at least a thousand time steps when
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v <1for all (7,n) € Q. In these numerical experiments involving a shock-tube problem,
the computational domain was allowed to grow with time, so that the undisturbed fluid
state could always be prescribed at the computational boundaries as the exact solution.
As a matter of fact, by using an analysis similar to that given at the end of Sec. 6 in
[7], one can show that the linearized form of the Euler a scheme is neutrally stable when
v <1forall (j,n) € Q.

The parameters (§+)? and (§_ )? can be evaluated by using Eqgs. (2.37) and (2.38) di-
rectly. This direct evaluation involves inverting two 3 x 3 matrices which is computationally
costly. In the following, we shall describe a more eflicient approach.

According to Egs. (2.37) and (2.38), (§+)? and (§_ )? are the solutions to

n—1/2

(I—F3S)7 = [(I - Frya— (I - (FF)?)at]l ), (2.41)
and
(T+ FYXE )7 = [(T+ FYya+ (T (FH2) ad] (2.42)

respectively. Note that: (i) each of Eqgs. (2.41) and (2.42) represents a system of three
scalar equations; (ii) because of the reason given in the paragraph preceding Eq. (2.37),
the coefficients of both systems are known if the marching variables at the (n — 1/2)th
time level are given, i.e., both systems can be considered as linear; and (iii) because of the

assumption v < 1, each system has a unique solution. As a result of (i)—(iii), both (§+)?

and (§_)? can be solved efficiently by using the Gaussian elimination method.

2.4. The Simplified Euler ¢ scheme

In implementing the Euler a scheme, two systems of linear equations must be solved
for each (j,n) € Q. As a result, the Euler a scheme is locally implicit [1, p.22]. In this
subsection we shall develop a simplified version that is completely explicit.

To proceed, the expressions
n]—1 n]—1
[(I—F"")j] and [(I—I—F"")j]

in Egs. (2.37) and (2.38) are approximated by

[(I—F+)”_1/2]_1 and [(I+F+)"_1/2]_1

j+1/2 j—1/2

respectively. As a result, one has

(5207~ (5)7 1) and (S0)2 ~ (52)77002 (2.43)
where (84 );:11//22 and (s_ )?:11//22 are defined in Egs. (2.30) and (2.31), respectively. Let
—a! n def 1 - \T— — \—
e (G ey R iy (2.44)
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Then (i) (ﬁ‘;"");b can be evaluated explicitly, and (ii) as a result of Egs. (2.39) and (2.43),
Eq. (2.40) can be approximated by

(@h)y = (@ )y (4,m) € Q (2.45)

z i

The marching procedure defined by Egs. (2.32) and (2.45) is referred to as the simplified
Euler a scheme. Note that the superscript symbol “a’” in (ﬁ‘;l"')? is introduced to remind
the reader that Eq. (2.45) is valid for the simplified Euler a scheme.

Generally CE4(j,n), (j,n) € , are not conservation elements in the simplified
scheme. However, because Eq. (2.32) is equivalent to the conservation condition [2]

j{ i::z-dg’:O, (j,n)eQ and m=1,2,3 (2.46)
S(CE(j,n))

CE(7,n), (j,n) € Q, are the conservation elements in the simplified scheme.

Note that by replacing the symbols sy, s_, u%t, u, u}, 1 and v in Egs. (2.4)—(2.8) by
Sy, 8-, us T 4, uf, I and FT, respectively, these equations will become Egs. (2.30), (2.31),
(2.44), (2.32) and (2.45), respectively. In other words, the a scheme and the simplified Euler
a scheme share the same algebraic structure.

ot

The simplified Euler a scheme generally is unstable. However, as will be shown shortly,
this scheme can be extended to become the simplified Euler a-¢ scheme which does have a
large stability domain.

2.5. The Euler a-¢ Scheme

The process by which the a-¢ scheme was constructed from the a scheme will be used
to construct the Euler a-¢ scheme from the Euler a scheme.

In the Euler a-¢ scheme, the conservation conditions given in Eq. (2.46) are assumed.
Because Eq. (2.32) is equivalent to Eq. (2.46), the former is also a part of of the Euler a-¢
scheme. The Euler a-¢ scheme is formed by Eq. (2.32) and another equation that differs
from Eq. (2.40) only in the expression on the right side.

To proceed, let (j,n) € Q and

—in def _n— — \TL—

@y WS+ (at/2)( @) (2.47)
where (ﬁt)?;ll//; is the column matrix formed by (umt);b;ll//;, m = 1,2,3. With the aid of
Egs. (4.10) and (4.17) in [2], Eq. (2.47) implies that

—Sin N S1\n—1/2
u]{:I:l/Z = (u— 2F+uj)ji1//2 (2.48)
Let ., .,
etn def Yit1/2 ~ Ui 1y
@)= (2.49)
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Then the Euler a-€¢ scheme is formed by Eq. (2.32) and

(@) = (aF)? + 2¢e(a@st — a2t)?

(2.50)

where € is a real number. Obviously Eq. (2.50) reduces to (i) Eq. (2.40) when ¢ = 0, and
(ii) (@f)} = (@g")? when e = 1/2. Also it has been shown numerically that (i) the Euler
a-€ scheme generally is stable if

0<e<1, and v <1l forall (j,n)€ (2.51)

and (ii) the numerical dissipation associated with the scheme increases as the value of
increases. Note that Eqgs. (2.47)—(2.50) are the Euler counterparts of Egs. (2.10)—(2.13),
respectively.

2.6. The Simplified Euler a-¢ Scheme
According to Eq. (2.50), excluding the special case ¢ = 1/2, implementation of the

Euler a-¢ scheme also requires the evaluation of (u ‘H’)] and therefore (see Eqs. (2.37)-
(2.39)) the solution of Egs. (2.41) and (2.42). Thus the Euler a-¢ scheme is locally implicit
if € £ 1/2. A totally explicit variant, referred to as the simplified Euler a-¢ scheme, is
defined by Eq. (2.32) (or, equivalently, Eq. (2.46)) and

(@5)7 = (@5 )7 + 2e(agt —ag )} (2.52)

Obviously the simplified Euler a-e¢ scheme (i) reduces to the simplified Euler a scheme
when € = 0, and (ii) is identical to the Euler a-e¢ scheme when ¢ = 1/2.

Note that by replacing the symbols s, s_, us*, u, u}l, u', uSt, 1 and v in Egs. (2.4)-
(2.7) and (2.11)~(2.13) by 5., 5§_, 4%, @, @F, @', uc+ 1 and F"', respectively, these
equations will become Eqs. (2.30), (2.31), (2.44), (2 32), (2.48), (2.49) and (2.52) respec-

tively. In other words, the a-€¢ scheme and the simplified Euler a-¢ scheme share the same
algebraic structure.

It has been shown numerically that the simplified Euler a-¢ scheme is stable if
0.03 <e<1, and v <1l forall (j,m)€Q (2.53)

A comparison between Egs. (2.51) and (2.53) reveals that the simplified version is only
slightly less stable than the original version.

According to Egs. (2.30), (2.31), (2.44), (2.48) and (2.49), both (_’c"')j and (u? "')]

are explicitly dependent on the the matrices (F+)n+11//22 and (F"')n 11//22

explicitly dependent on at). However, (€T — w2 +)j is free from this dependency. Let
(i) (dums)? be the parameter defined by Eq. (4.26) in [2], and (ii) (du,)? be the column

matrix formed by (dums )7, m =1,2,3. Then it can be shown that

(and therefore

02 ) = ! (@) M2 (ﬁj)’f—l/?] 1 <ﬁ’?_1/2 _ qf’f_l/2> _ %(dﬁz)’? (2.54)

—)c_i_
(0" —u 2 j+1/2 i—1/2 4 \ Jt+1/2 i—1/2 J
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With the above preliminaries, we are now ready to provide a proof for Eq. (4.28) in
[2]. Note that the last equation was introduced in [2] simply as a “natural generalization”
of Eq. (3.10) in [2].

To proceed, note that Eq. (2.47) is the matrix form of Eq. (4.27) in [2], i.e., ﬁ]{ilﬁ is
the column matrix formed by (u;n)?il/w m = 1,2,3, which were introduced in the latter

equation. As a result, with the aid of Eqs. (2.27), (2.49) and (2.54), Eq. (2.52) can be

rewritten as
(Ume)] = |(wm)Tr1/2 = (Wm)jo1/2| /o2 + (26 — 1)(dums)] (2.55)

ie., Eq. (4.28) in [2].

Because Eqgs. (4.24) in [2] are equivalent to Eq. (2.32), the Euler scheme defined by
Egs. (4.24) and (4.28) in [2] is identical to the simplified Euler a-¢ scheme.
2.7. The a-e-a-3 Scheme and Its Euler Versions

Consider the a-€ scheme defined by Eqgs. (2.7) and (2.13). If discontinuities are present
in a numerical solution, the above scheme is not equipped to suppress numerical wiggles
that generally appear near these discontinuities. In the following, we shall describe a
remedy for this deficiency.

Let .
c n def n n
(uzj:)j = 5(“’;’11/2 - uj) (2.56)
Then it can be shown that
(o4 n 1 (o4 n (o4 n
(uz+)j = 5 [(uz—i—l——)] + (uz—t)]] (257)

ie., (ufj;");b is the simple average of (u';j_)? and (u';t)? Next, let the function W, be

defined by (i) W,(0,0,a) = 0 and (ii)

I L L

Wo(z_,24;0a) = , >0 2.58
(CB T4 Oé) |CC_|_|°‘—|—|CC_|°‘ (|CB+|—|—|CB |> ) ( )

where ., z_ and « > 0 are real variables. Note that (i) to avoid dividing by zero, in
practice a small positive number such as 107 is added to the denominator in Eq. (2.58);
and (ii) Wo(z_,z4+; @), a nonlinear weighted average of z_ and z, becomes their simple
average if « = 0 or |z_| = |z |. Furthermore, let
def

(uz ™7 = Wo ((ugh)f, (ugh)}50) (2.59)
Note that the superscript “w” is used to remind the reader of the weighted-average nature
of the term (uw'i')?. With the aid of the above definitions, a more advanced scheme,

Zz

referred to as the a-e-a-8 scheme, can be defined by Eq. (2.7) and

(ud)} = (ug ™)} +2e(uz™ —ug™)F + Buy™ —ug™)} (2.60)
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Here 8 > 0 is another adjustable constant. Note that Eq. (2.60) can be rewritten as

(ud) = BWo ((ugh)F, (ueD)F50) + (1= B) (i)} + (2 — D(ug™ —ug™)f  (261)

It can be shown easily that the a-e-a-3 scheme reduces to the a-¢ schemeif « =0 or 8 = 0.

The expression on the right side of Eq. (2.60) contains three parts. The first part is
a non-dissipative term (ui"')? The second part is the product of 2¢ and the difference
between the central difference term (u§™)? and the non-dissipative term (ug®)?. The

third part is the product of 3 and the difference between a weighted average of (uSh )n
and (u" )]
generally is effective in damping out numerical instabilities that arise from the smooth

and their simple average. Numerical dissipation introduced by the second part

region of a solution. But it is less effective in suppressing numerical wiggles that often occur
near a discontinuity. On the other hand, numerical dissipation introduced by the third
part is very effective in suppressing numerical wiggles. Moreover, because the condition
|(u';"|_|'_)?| = |(u§t)?| more or less prevails and thus the weighted average is nearly equal
to the simple average (see the comment given immediately following Eq. (2.58)) in the
smooth region of the the solution, numerical dissipation introduced by the third part has
very slight effect in the smooth region.

From the above disscusion, one concludes that there are two different types of numer-
ical dissipation associated with the a-e-a-8 scheme and they complement each other. As
a result, the a-e-a-3 scheme can handle both small disturbances and sharp discontinuies
simultaneously if the values of ¢, & and ( are chosen properly (usually e =1/2, a = 1,2
and B = 1). Also note that, to give the CE/SE method more flexibility in controlling local
numerical dissipation, the parameters ¢ and 8 can even be considered as functions of local
dynamical variables and mesh parameters (see Sec. 8).

Similarly, the Euler a-¢ scheme and the simplified Euler a-¢ scheme can be modified
to become the Euler a-e-a-3 scheme and the simplified Euler a-¢-a-8 scheme, respectively,
by simply replacing Eqs. (2.50) and (2.52) with

(@F)} = (ug")7 + 2e(ug™ —ag™)f + B(ay ™ — ™)} (2.62)

and

(@ = (@ M) +2e(a@st — @y )p + Blayt —agh); (2.63)

respectively. Here (ﬁ;""’)? is the 3 X 1 column matrix formed by

w, ((uc+ )7 (uc+ )T-L'a) , m=1,2,3

me+/7 9 mz—/j)

where

(o)} 2 (Wl )r o — (m)) (2:64)

with (u! )]i1/2 and (um)? being the mth components of ﬁ]{zlﬁ and 47, respectively.

NASA/TM—1998-208843 22



2.8. The 1D CE/SE Shock-Capturing Scheme

Let ¢ = 1/2 and 8 = 1. Then the Euler a-e-a-3 scheme and the simplified Euler
a-e-a-f scheme reduce to the same scheme. The reduced scheme is defined by Eq. (2.32)
and

(uhe)} = Wo ((uie )y (uine)f30), m=1,2,3 (2.65)

me+/j5 me—/j)
where (j,n) € Q.

The above scheme is one of the simplest among the Euler solvers known to the authors.
The value of a is the only adustable parameter allowed in this scheme. Because it is totally
explicit and has the simplest stencil, the scheme is also highly compatible with parallel
computing. Furthermore, it has been shown that the scheme can accurately capture shocks
and contact discontinuities with high resolution and no numerical oscillations. For these
distinctive features and for convenience of future reference, the reduced scheme will be
given a special name, i.e., the 1D CE/SE shock-capturing scheme. Note that this scheme
with & = 1 is implemented in the two shock-tube solvers referred to in Sec. 1. Consider
only the case that all spatial boundary points (j,n) € Q are at the time levelsn = 0,1,2,...
(see Fig. 4(a)). The non-reflecting boundary conditions used in the first solver, i.e., the
one listed in Appendix A, are: (i)

ap=ai 7 and  (@))F =@DIL, n=1,23,... (2.66)

if (j,n) is a mesh point on the right spatial boundary; and (ii)

ap=ai s and  (@D)y=@DHIGS, n=1,23,... (2.67)

if (j,n) is a mesh point on the left spatial boundary. On the other hand, for the alternate
solver, the steady-state boundary conditions

a7 =4 and  (@)? = (aF)? n=1,23,... (2.68)

z /g z /50

is imposed at any mesh point (j,n) on the right or left spatial boundary.
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3. Geometrical Description of Conservation Elements
in Two Spatial Dimensions

In Sec. 2, it was established that, for each 1D CE/SE solver, there were 2M indepen-
dent marching variables per mesh point with M being the number of conservation laws to
be solved. Because M conservation conditions are imposed over each CE, two CEs were
introduced at each mesh point such that both the 1D a scheme and the 1D Euler a scheme
can be constructed by solving, at each mesh point (j,n) € , for the 2M variables using
the 2M conservation conditions imposed over CE_(7,n) and CEL(j,n).

As will be shown in the following sections, for each 2D CE/SE solver, there are 3M
independent marching variables per mesh point. As a result, construction of the 2D a
scheme and the 2D Euler a scheme demands that three CEs be defined at each mesh
point. In this section, only the basic geometric structures of these CEs will be described.

Consider a spatial domain formed by congruent triangles (see Fig. 5). The center
of each triangle is marked by either a hollow circle or a solid circle. The distribution of
these hollow and solid circles is such that if the center of a triangle is marked by a solid
(hollow) circle, then the centers of the three neighboring triangles with which the first
triangle shares a side are marked by hollow (solid) circles. As an example, point G , the
center of the triangle ABDF, is marked by a solid circle while points A, C and E, the
centers of the triangles AFMB, ABJD and ADLF, respectively, are marked by hollow
circles. These centers are the spatial projections of the space-time mesh points used in the

2D CE/SE solvers.

To specify the exact locations of the mesh points in space-time, one must also specify
their temporal coordinates. In the 2D CE/SE development, again we assume that the
mesh points are located at the time levels n = 0,4+1/2,+1,4+3/2,... with t = n At at the
nth time level. Furthermore, we assume that the spatial projections of the mesh points at
a whole-integer (half-integer) time level are the points marked by hollow (solid) circles in

Fig. 5.

Let the triangles depicted in Fig. 5 lie on the time level n = 0. Then those points
marked by hollow circles are the mesh points at this time level. On the other hand, those
points marked by solid circles are not the mesh points at the time level n = 0. They are
the spatial projections of the mesh points at half-integer time levels.

Points A, C and E, which are depicted in Figs. 5 and 6(a), are three mesh points at
the time level n = 0. Point G', which is depicted in Fig. 6(a), is a mesh point at the time
level n = 1/2. Its spatial projection at the time level n = 0 is point G. Because point G
is not a mesh point, it is not marked by a circle in the space-time plots given in Figs. 6(a)
and 6(c). Hereafter, only a mesh point, e.g., point G', will be marked by a solid or hollow
circle in a space-time plot.

The conservation elements associated with point G' are defined to be the space-time

quadrilateral cylinders GFABG'F'A'B', GBCDG'B'C'D', and GDEFG'D'E'F' that are
depicted in Fig. 6(a). Here (i) points B, D and F are the vertices of the triangle with
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point G as its center (centroid) (see also Fig. 5), and (ii) points A', B, C', D', E' and F'
are on the time level n = 1/2 with their spatial projections on the time level n = 0 being
points A, B, C, D, E and F, respectively.

Point G' is a mesh point at a half-integer time level. For a mesh point at a whole-
integer time-level, the conservation elements associated with it can be constructed in a
similar fashion. As an example, consider Fig. 6(b). Here points B' (B"), I' (I"), J'(J"),
K'(K"), D'(D"), G'(G") and C'(C") are on the time level n = 1/2 (n = 1) with their
spatial projections on the time level n = 0, respectively, being the points B, I, J, K, D,
G and C that are depicted in Fig. 5. Point C'"' is a mesh point at the time level n = 1. By
definition, the conservation elements associated with point C'" are the quadrilateral cylin-
ders C'J'K'D'C"J"K"D", C'D'G'B'C"D"G"B" and C'B'I'J'C"B"I1"J". The relative
space-time positions of the six CEs associated with mesh points G' and (" are depicted
in Fig. 6(c¢).

Recall that, in the development of the 1D a scheme, a pair of diagonally opposite
vertices of each CE4(j,n) (see Figs. 4(d) and 4(e)) are assigned as mesh points. Fur-
thermore, the boundary of each CEL(j,n) is a subset of the union of the SEs associated
with the two diagonally opposite mesh points of this CE. In the 2D development, as seen
from Figs. 6(a)—(c), two diagonally opposite vertices of each CE are also assigned as mesh
points. In Sec. 4, we shall define the SEs such that even in the 2D case, the boundary of a
CE is again a subset of the union of the SEs associated with the two diagonally opposite
mesh points of this CE.

As a preliminary to the derivation of several equations to be given in Sec. 4, this
section is concluded with a discussion of several geometric relations involving point G and
the vertices of the hexagon ABC DEF that are depicted in Fig. 5. By using the facts that
(i) points A, C, E and G are the geometric centers of four neighboring congruent triangles
AFMB, ABJD, ADLF and ABDF, respectively; and (ii) any two of the above four
triangles form a parallelogram (note: two congruent triangles sharing one side may not
form a parallelogram), it can be shown that:

(a) CD, GE, BG and AF are parallel line segments of equal length.
(b) AB, GC, FG and ED are parallel line segments of equal length.
(c) BC, GD, AG and FE are parallel line segments of equal length.
(d) Point G is the geometric center of the hexagon ABCDEF and the triangle ACE.

Note that the line segments GA, GC, GE AC, CE and E A are not shown in Fig. 5. Also
note that, because the hexagon BIJK DG (depicted in Fig. 5) is congruent to the hexagon
ABCDEF, a set of geometric relations similar to those listed above also exists for the
vertices and the center of the hexagon BIJK DG.
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4. The 2D a Scheme

In this section, we consider a dimensionless form of the 2D convection equation, i.e.,

du ou du
7+az7‘|’

o 5 T gy =0 (4.1)

where a,, and a, are constants. Let z; = 2, zo = y, and z3 = ¢ be the coordinates of a
three-dimensional Euclidean space F3. By using Gauss’ divergence theorem in the space-
time Ej, it can be shown that Eq. (4.1) is the differential form of the integral conservation

law
]f h-ds=0 (4.2)
S(V)

Here (i) S(V) is the boundary of an arbitrary space-time region V in Ej, (ii)

P (azu, ayu, u) (4.3)

-y

is a current density vector in Es3, and (iii) ds'= do 7 with do and 7, respectively, being the
area and the outward unit normal of a surface element on S(V). It was shown in Sec. 3,
that E3 can be divided into nonoverlapping space-time regions referred to as conservation

elements (CEs).

In the following analysis, the nontraditional space-time mesh that was sketched in
Sec. 3 will be rigorously defined. To proceed, the spatial projections of the mesh points
depicted in Fig. 5 are reproduced in Fig. 7. Note that the dashed lines that appear in
Fig. 7 are the spatial projections of the vertical interfaces (see Fig. 6(a)-(c)) that separate
different CEs. Also note that, as a result of the geometric relations listed at the end of
Sec. 3, any dashed line can point only in one of three different fixed directions. We assume
that the congruent triangles depicted in Fig. 5 are aligned such that one of the above fixed
directions is the z-direction.

Each mesh point marked by a solid or hollow circle is assigned a pair of spatial indices
(j, k) according to the location of its spatial projection. Obviously, a mesh point can
be uniquely identified by its spatial indices (j,%k) and the time level n where it resides.
According to Figs. 8 and 9, the spatial projections of the mesh points that share the same
value of j (k) lie on a straight line on the z-y plane with this straight line pointing in the
direction of the k- (j-) mesh axis.

Let
def

t" = nat, n=0,+1/2, +1, £3/2,... (4.4)
Let j and k be spatial mesh indices with j,k = 0, +1/3, +2/3, £1,.... Let Q4 denote
the set of mesh points (j,k,n) with j,k = 0,+1,+2,..., and n = +1/2, £3/2, +5/2,....
These mesh points are marked by solid circles. Let {23 denote the set of mesh points

(j,k,n) with 5,k =1/3,1/3+1,1/3+2,...,and n = 0,£1,42,.... These mesh points
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are marked by hollow circles. The union of £2; and 2, will be denoted by Q. Note that
the same symbol Q) was also used to denote the set of mesh points used in the 1D solvers
(see Sec.2). Hereafter, unless specified otherwise, the new definition of Q) is assumed.

Each mesh point (j,k,n) € Q is associated with (i) three conservation elements (CEs),
denoted by CE.(j,k,n), r = 1,2,3 (see Figs. 10(a) and 11(a)); and (ii) a solution element
(SE), denoted by SE(j, k,n) (see Figs. 10(b) and 11(b)). Each CE is a quadrilateral cylinder
in space-time while each SE is the union of three vertical planes, a horizontal plane, and
their immediate neighborhoods. Note that the CEs and the SE associated with a mesh
point (j,k,n) € Qy differ from those associated with a mesh point (j,k,n) € Qy in their
space-time orientations.

By using the geometric relations listed at the end of Sec. 3, one can conclude that
the spatial coordinates of the vertices of the hexagon ABC DEF', which appears in both
Figs. 10(a) and 11(a), are uniquely determined by three positive parameters w, b and h
(see Fig. 12(a)) if (i) one assumes that DA is aligned with the z-direction, and (ii) the
spatial coordinates of point G (the centroid of the hexagon) are given. Note that w, b and
h, respectively, are the lengths of the line segments DM, M H and BH with (i) DM being
a median of the triangle ABDF, and (ii) points G, M and H being on the line segment
DA. Also note that a dashed line in Fig. 7 may appear in other figures as a solid line.

According to Fig. 7, E5 can be filled with the CEs defined above. Moreover, it is
seen from Figs. 10(a), 10(b), 11(a), and 11(b) that the boundary of a CE is formed by the
subsets of two neighboring SEs.

Let the space-time mesh be uniform, i.e., the parameters at, w, b, and h are constants.
Let z; ; and y;  be the z- and y- coordinates of any mesh points (j,k,n) € Q. Let zg o =0
and yo,0 = 0. Then information provided by Figs. 12(a) and 12(b) implies that

zik = (J+ kw4 (k—7)b yir=(k—7j)h (4.5)

Let 7y, n2, 13, 14, 15, and 7 be the vectors depicted in Fig. 12(a). They lie on the z-y
plane and are the outward unit normals to AB, BC, CD, DE, EF, and F A, respectively.
It can be shown that

(ha_b+w/370) = —

ny = , ng = —n 4.6a
LT VR (b—w/3) T (462)
2 = (0,1,0), 5 = —Tio (4.60)
and -
- (_ )0+ w/370) ﬁe — —ﬁ3 (4.66)

" VA? + (b +w/3)?

For any (z,y,t) € SE(j,k,n), u(z,y,t) and i:(w,y,t), respectively, are approximated
by

* - def o, n n n n
u*(z,y,t55,k,m) = ulp + (ue)] k(@ — zj6) + (uy) 7oy — yik) + (we) 7t — ") (4.7)
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and
7 . def * . * . * .
R*(z,y,t; 5, k) = [aou*(z,y,15 5, k,n), ayu*(z,y, 15 5, k,n), v (2,9, 855, k,n)]  (4.8)

where u?;, (uz)7, (uy)?s, and (ut)}, are constants within SE(j,k,n). The last four
coeflicients, respectively, can be considered as the numerical analogues of the values of
u, Ou/0z, Ou/dy, and Ou/0t at (z;r,y;k,t"™). As a result, the expression on the right
side of Eq. (4.7) can be considered as the first-order Taylor’s expansion of u(z,y,t) at

(zjk,Yj,k,t™). Also note that Eq. (4.8) is the numerical analogue of Eq. (4.3).

We shall require that v = u*(z,y,t;J,k,n) satisfy Eq. (4.1) within SE(j,k,n). As a
result,

(ue)}r = — [aa(ua)fn + ay(uy) ] (4.9)
Substituting Eq. (4.9) into Eq. (4.7), one has

w*(@,9, 855, kym) = ule + (we)}a (2 — 2j) — ast — 1)

(4.10)
+ (uy)?,k [(y — yj,k) - ay(t —t")].

Thus there are three independent marching variables, i.e., u?;, (uz)?;, and (uy)7}, as-

sociated with a mesh point (j,k,n) € Q. For any (j,k,n) € Q;, these variables will be

determined in terms of those associated with the mesh points (j +1/3,k+1/3,n —1/2),

(j —2/3,k+1/3,n —1/2), and (j + 1/3,k — 2/3,n — 1/2) (see Fig. 13(a)) by using the

three flux conservation relations
]f R*-ds=0, r=1,2,3 (4.11)
S(CET(jakan))

Similarly, the marching variables at any (j,k,n) € Q; are determined in terms of those
associated with the mesh points (j —1/3,k—1/3,n—1/2), (+2/3,k—1/3,n—1/2), and
(j —1/3,k +2/3,n —1/2) (see Fig. 13(b)) by using the three flux conservation relations
Eq. (4.11). Obviously, Eq. (4.11) is the numerical analogue of Eq. (4.2).

As a result of Eq. (4.11), the total flux leaving the boundary of any CE is zero.
Because the flux at any interface separating two neighboring CEs is calculated using the
information from a single SE, the flux entering one of these CEs is equal to that leaving
another. It follows that the local conservation conditions Eq. (4.11) will lead to a global
conservation condition, i.e., the total flux leaving the boundary of any space-time region
that is the union of any combination of CEs will also vanish.

In the following, several preliminaries will be given prior to the evaluation of Eq. (4.11).
To proceed, note that a mesh line with j and n being constant or a mesh line with k£ and n
being constant is not aligned with the z-axis or the y-axis. We shall introduce a new spatial
coordinate system ((,7n) with its axes aligned with the above mesh lines (see Fig. 12(c)).
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Let €, and €, be the unit vectors in the z- and the y- directions, respectively. Let

€¢c and €, be the unit vectors in the directions of DF and DB (i.e., the j- and the k-
directions—see Figs. 12(a)-(¢c)), respectively. It can be shown that

ee = [(w —b)e, — heyl /Al (4.12)
and
&y = [(w + b)&, + hé,] /an (4.13)
where
al € |DF| = /(w — b)? + h? (4.14)
and
an ¥ |DB| = V/(w + b)% + k2 (4.15)

Let the origin of (z,y) also be that of ({,7). Then, at any point in Ej, the coordinates
(¢,n) are defined in terms of (z,y) using the relation

Cec+ney =z€, +yey (4.16)

Substituting Eqgs. (4.12) and (4.13) into Eq. (4.16), one has

(3)=r(0) )

and
(C> =71 ("") (4.18)
n )
Here
w—>b w+b
al An
T & (4.19)
_h
al An
and
A (w+b)ag
2w 2wh
-1 &t (4.20)
an  (w—b)an
2w 2wh

Note that the existence of 1, the inverse of T, is assured if wh # 0.
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With the aid of Egs. (4.5), (4. 8), and (4.20), it can be shown that the coordinates
(¢,n) of any mesh point (j,k,n) € Q are given by

¢ =74, and n==kan (4.21)

i.e., A( and An are the mesh intervals in the (- and the 7- directions, respectively.

Next we shall introduce several coefficients that are tied to the coordinate system

(¢,7n). Let
(Zf,) def - (ay) (4.22)

def e (4.23)

(un)],k (uy)],k

Also, for any (j,k,n) € Q, let

where T is the transpose of T'. For those who are familiar with tensor analysis [55], the

following comments will clarify the meaning of the above definitions:

(a) (a¢,ay) are the contravariant components with respect to the coordinates ((,7) for
the spatial vector whose z- and y- components are a, and a,, respectively.

(b) ((UC)?,m(un)?,k) are the covariant components with respect to the coordinates ({,7)
for the spatial vector whose z- and y- components are (u;)?; and (uy)}, respectively.

(c) Because the contraction of the contravariant components of a vector and the covariant
components of another is a scalar, Eq. (4.9) can be rewritten as

(wt)fn = — [“C(UC)?,k + “n(un)?,k] (4.24)

(d) Under the linear coordinate transformation defined by Eqgs. (4.17) and (4.18), (¢ —
jal,n — kan) are the contravariant components with respect to the coordinates (¢, 7n)
for the spatial vector whose z- and y- components are z—z; ;, and y—y; », respectively.
Using the same reason given in (¢), Eq. (4.10) implies that

U*(w7y7t;j7k7n) = U*(Cﬂ?,t;j,km) (425)

where
W (&t gy kon) E uf 4 (u)f [(C = 5aC) — ag(t — )]
+ (un)?,k [(n — kan) — a,(t —t™)]

Note that Egs. (4.24) and (4.25) can also be verified directly using Eqgs. (4.18), (4.20),
(4.22), and (4.23).

Next, let (i)

(4.26)

def 3At def 3At

—a and vy =

VC = 2AC ¢ a’") (427)

2an
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and (ii)

W5 2 e end () 2 () (428)
The coeflicients defined in Eqs. (4.27) and (4.28) can be considered as the normalized
counterparts of those defined in Eqgs. (4.22) and (4.23). Furthermore, because A¢ and an
are the mesh intervals in the (- and 7- directions, respectively, Eq. (4.27) implies that
(2/3)v¢ and (2/3)v,, respectively, are equal to the Courant numbers in the (- and n-
directions, respectively.

Furthermore, let

T E v (4.29)
oF = (1 — v —vy)(1 + 1) (4.30)
oF = (1 — v —vy)(1 +vy) (4.31)

o MEL 4y (4.32)

o3 = F (L4 ve)(2 - ) (4.33)
oVEE (14 v)(1 + 1) (4.34)
(1):|: def 4\, vy (4.35)
o) = (1 + )1+ v) (4.36)
oF S (1) (2 - ) (4.37)

o PEL L1, (4.38)
o DEE (1 b )1 1) (4.39)
(2)i def F(1+ve+vy)(1 —vy) (4.40)

g E L (4.41)
o PEE L1 w2+ v (4.42)
o F1 )1 - vy) (4.43)
oPFE 1, (4.44)
o$D* E F(1 - w1 - w) (4.45)
and
o$)F = (1 — )2+ vy) (4.46)
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Note that:

(a)
(b)

Each of Eqgs. (4.29)—(4.46) represents two equations. One corresponds to the upper
signs while the other, to the lower signs.

The definitions given in Eqs. (4.29)—(4.37) will be used in the first marching step of
the 2D a scheme; while those given in Eqs. (4.38)—(4.46) will be used in the second

marching step. It is seen that the expressions on the right sides of the former can

be converted to those of the latter, respectively, by reversing the “+” and “—” signs.

(1)— (2)—

Moreover, for every pair of r and s (r,s = 1,2,3), ors’ and oy
(2)+ (1)+

are converted to

ors  and oys ', respectively, if v¢, and v, are replaced by —v¢, and —v,, respectively.
We have

oD LGWELG0E 3 =12 (4.47)
and

U§Q)i_|_ (q)i_l_ (q)i
(4.48)

= DF LoD L o0t 20, g=1,2
To simplify the following development, let
(., k;1,1) < 5 +1/3,k +1/3 (4.49q)
(G,k:1,2) = 5 — 2/3,k +1/3 (4.49b)
(jok; 1,3) % 5 +1/3,k — 2/3 (4.49¢)
(5,k52,1) = 5 —1/3,k —1/3 (4.50a)
(5 #52,2) < j +2/3,k —1/3 (4.50)
(4,k:2,3) = 5 —1/3,k +2/3 (4.50¢)

Note that (i) (4,k;1,7), » = 1,2,3, are the spatial mesh indices of points 4, C, and E
depicted in Fig. 10(a), respectively, (i) (4, k;2,7), » = 1,2, 3, are the spatial mesh indices
of points D, F, and B depicted in Fig. 11(a), respectively, and (iii) the mesh indices on the
right sides of Egs. (4.49a,b,c) can be converted to those in Egs. (4.50a,b,c), respectively,

”

by reversing the “4” and “—” signs.

Equation (4.11) is evaluated in Appendix B. Let (j,k,n) € Q4 with ¢ = 1,2. Then,

for any r = 1,2, 3, the result of evaluation can be expressed as:

n—1/2
(q)+u + U(QH‘ + + a(q)+ ;')'] [ 7(3) U+ U(q) + + U(q)_u+ ( ) (4.51)
j’k jak;‘Iar
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According to Egs. (4.29)—(4.31), Uﬂ)i, Ug)i, and ag)i contain a common factor

(1—v¢—vy). Similarly, each of three consecutive pairs of coefficients defined in Eqgs. (4.32)-
(4.46) also contain a common factor. As a result, if one assumes that (i) 1 — v, — v, # 0,

(i) 14+wve#0,(i1) 1+v, #0, (iv) 1+ve+v, #0,(v) 1 —v¢ # 0 and (vi) 1 — v, # 0, ie.,

[1—(ve+vy)?] (1—2f) 1-22) #0 (4.52)
then the six equations (¢ = 1,2 and r = 1,2, 3) given in Eq. (4.51) can be simplified as

Tn

wt (Lt vl + (L vgluf | =", (,k,n) € (4.53)
- -
w— vl + (L trug| =V (k) €M (4.54)
- -
wt (Lt wehuf =2 —voluf| =5, (j,k,n) € (4.55)
- =T
u— (vl —(—wef| =P, Gk e (4.56)
- -
wt 4wl —(L-vhuy| =57, (jk,n) € D (4.57)
- -

and ) .
w—(L-vehuf + @t vhuy | =5, (kn) € D (4.58)
- -

respectively. Here

of T Tn—1/2 .
sV e (el = (bwgluy| s (Gkn) € O (4.59)
of T Tn—1/2 .
VS e @ —veud — (bwduy| s (Gkn) € (4.60)
of T Tn—1/2 .
sV S o (el + @ vy | s (Gkn) € (4.61)
of T Tn—1/2 .
VS et (Umvud + (mwhud] s (k) € 9 (4.62)
of T 1n—1/2 .
e R (s I CL RO L (4.63)
and /
_ 1n—1/2
7S ot (L-veJul = @rwlut] s (k) € (4.64)
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The current 2D a scheme will be constructed using Eqs. (4.53)—-(4.58) without assuming
Eq. (4.52). Note that Eqs. (4.53)—(4.58) imply Eq. (4.51) for any v¢ and v,,. However, the
reverse is false unless Eq. (4.52) is assumed.

Note that the expressions within the brackets in Eqgs. (4.53)—(4.55) and (4.59)—(4.61),
respectively, can be converted to those in Eqgs. (4.56)—(4.58) and (4.62)—(4.64) by reversing
the “+” and “—” signs.

It can be shown that Eqgs. (4.53)—(4.55) are equivalent to

1
wle = o [ —ve =)ol + (L w)sl) + (14 vp)sY| (4.65)
n a+y\n def 1
(W) = (we g 2, (o sV) (4.66)
and .
n at+yn def 1 1
(e = (ug )5 5 (o7 = 5V) (4.67)

where (j,k,n) € Q1. Also Egs. (4.56)—(4.58) are equivalent to

1
wfe = o [+ e wm)el® + (1 —w)sl® + (1= vp)sl?”| (4.68)
n a+\n def 1 2 2
@i = (W) 5 (o8 o) (4.69)
and .
n at+yn def 2 2
(W) = (ug )i 5 (o8 = 5) (4.70)

where (j,k,n) € Q,.

At this juncture, it should be emphasized that Eqs. (4.65) and (4.68) can be derived
directly from Eq. (4.51). As a matter of fact, with the aid of Egs. (4.47) and (4.48), we
can obtain Eq. (4.65) (Eq. (4.68)) by summing over the three equations with ¢ =1 (¢ = 2)
and r =1,2,3 in Eq. (4.51).

The 2D a scheme is formed by repeatedly applying the two marching steps defined by
Eqgs. (4.65)—(4.67) and Eqgs. (4.68)—(4.70), respectively. It has been shown numerically that
it is of second order in accuracy for u?;, (u¢)7, and (u,)?; assuming that v¢ and v, are
held constant in the process of mesh refinement (note: as a result of Eq. (4.28), the 2D «
scheme is third order accurate for (uz');ik and (u;')');b,k) Note that the superscript symbol
“a” in (u‘é"")zk and (u?;—i—)?,k is introduced to remind the reader that Eqs. (4.66), (4.67),
(4.69) and (4.70) are valid for the 2D a scheme. Although the 2D a scheme is constructed
using a procedure very much parallel to that used to construct the 1D a scheme, the former
is more complex than the latter in many aspects. One key difference between these two
schemes is that the 2D a scheme is formed by two distinctly different marching steps while
the 1D a scheme is formed by repeatedly applying the same marching step defined by the
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inviscid version of Eq. (2.14) in [2]. It is this difference that, in the 2D case, makes it
necessary to divide the mesh points into two sets 2; and 2.

As a preliminary for the stability analysis of the 2D a scheme given in Sec. 6, for any

(j,k,n) € Q, let

. def
q(j,k,n) = | uf (4.71)
n/ gk

Furthermore, let the six 3 x 3 matrices anq), g = 1,2, and r = 1,2,3, respectively, be
the special cases of those defined in Egs. (5.18)-(5.23) (see Sec. 5) with ¢ = 0. Then
Eqgs. (4.65)—(4.70) can be expressed as

3

g, km) =D QWG ksq,m),n —1/2), (G, k,m) €0y (4.72)

r=1

Combining Eqs. (4.72) and (4.49a)—(4.50¢), one has (i)

70 kyn) = QR 7 + 1,kn — 1)+ QPTG k + 1,n — 1)
+ QY07 — 1k, —1) + 0@ (j — 1,k + 1, — 1)

(4.73)
+ QP76 k - 1,n— 1)+ QMR TG + 1,k — 1,n — 1)
+ (@0 + @M QP + @V ¢ (j, kym — 1)
where (j,k,n) € Q4; and (ii)
70 kyn) = QPR GG — 1,kn — 1)+ QPTG k — 1,n — 1)
+ Q077G + 1,k —1) + Q7@ (G + 1,k —1,n — 1) (474)

+QPQWGGE+1,n— 1)+ QPQWVd(G — 1,k +1,n— 1)
+ (@70 + QY + @MY ¢ (j, kyn — 1)

where (j,k,n) € Q3. Note that (i) Eq. (4.73) relates the marching variables at two adjacent
half-integer time levels; and (ii) Eq. (4.74) relates the marching variables at two adjacent
whole-integer time levels.
The 2D a scheme has several nontraditional features. They are summarized in the
following comments:
(a) As in the case of the 1D a scheme, the 2D a scheme also has the simplest stencil
possible, i.e., in each of their two marching steps, the stencil is a tetrahedron in 3D
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space-time with one vertex at the upper time level and the other three vertices at the
lower time level.

As in the case of the 1D a scheme, each of the six flux conservation conditions asso-
ciated with the 2D a scheme., i.e., those given in Eq. (4.51) (¢ = 1,2 and r = 1,2,3),
represents a relation among the marching variables associated with only two neigh-
boring SEs.

As in the case of the 1D a scheme, the 2D a scheme also is non-dissipative if it is
stable. It is shown in Sec. 7 that the 2D a scheme is neutrally stable if

lve] < 1.5, |vu| < 1.5, and |ye+v,| <1.5 (4.75)

As depicted in Fig. 14, the domain of stability defined by Eq. (4.75) is a hexagonal
region in the v¢-v, plane. Moreover, it will also be shown later that Eq. (4.75) can be
interpreted as the requirement that the physical domain of dependence of Eq. (4.1)
be within the numerical domain of dependence. Note that the points on the v¢-vy
plane that violate Eq. (4.52) form the boundary of a hexagonal region which is entirely
within the stability domain defined in Eq. (4.75). As was emphasized earlier, the 2D
a scheme applies even at these points.
It is shown in [9] that the 2D a scheme has the following property, i.e., for any
(j7 k7n) E Q?

qg(j,k,n+1)— ¢(5,k,n) as at—0 (4.76)

if az, ay, w, b, and h are held constant. The 1D a scheme also possesses a similar
property, i.e., Eq. (2.19) in [2]. The above property usually is not shared by other
schemes that use a mesh that is staggered in time, e.g., the Lax scheme [52].

Asin the case of the 1D a scheme, the 2D a scheme is also a two-way marching scheme.
In other words, Eqgs. (4.53)—(4.58) can also be used to construct the backward time-
marching version of the 2D a scheme. More discussions on this subject are given in

[9].
This section is concluded with the following remarks:

the 2D a scheme is only a special case of the 2D a-p scheme described in [9]. It is a
solver for the 2D convection-diffusion equation

Ou  Ouw o Ou  (Pu  Ou)
ot Coar T Moy HF\oxz T oy2) "

where a, ay, and p (> 0) are constants. Note that this solver, as in the case of its
1D counterpart, is unconditionally stable if a, = a, = 0.

It should be emphasized that, with the aid of Egs. (4.17)—(4.20), (4.22), and (4.23),
the 2D a scheme can also be expressed in terms of the marching variables and the
coeflicients tied to the coordinates (z,y). In other words, the coordinates ((,n) are
introduced solely for the purpose of simplifying the current development. The essence
of the 2D a scheme, and the schemes to be introduced in the following sections, is
not dependent on the choice of the coordinates in terms of which these schemes are
expressed.

(4.77)
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5. The 2D a-¢ and a-e-a-3 Schemes

The 2D a scheme is non-dissipative and reversible in time. It is well known that a non-
dissipative numerical analogue of Eq. (4.1) generally becomes unstable or highly dispersive
when it is extended to model the 2D unsteady Euler equations. It is also obvious that a
scheme that is reversible in time cannot model a physical problem that is irreversible in
time, e.g., an inviscid flow problem involving shocks. As a result, the 2D a scheme will
be extended to become the dissipative 2D a-¢ and a-e-a-3 scheme before it is extended
to model the Euler equations. As will be shown, the 2D extensions are carried out in a
fashion completely parallel to their 1D counterparts.

5.1. The 2D a-¢ Scheme

To proceed, note that the CEs for the 2D a-€ scheme generally are not those associated
with the 2D a scheme. Here only a single CE is associated with a mesh point (3,%k,n) € Q.
This CE, denoted by CE(j, k,n), is the union of CE.(j,k,n), r = 1,2,3. In other words,

CE(j, k,n) < [CE1(j, k,n)] U [CE,(j, k,n)] U[CEs(j, k,n)] (5.1)

Instead of Eq. (4.11), here we assume the less stringent conservation condition

]{ R*-ds=0 (5.2)
S(CE(j,k,n))

Obviously, (i) E3 can be filled with the new CEs, and (ii) the total flux leaving the boundary
of any space-time region that is the union of any new CEs will also vanish.

Moreover, because of Eq. (5.1), Eq. (5.2) must be true if Eq. (4.11) is assumed. As
a matter of fact, a direct evaluation of Eq. (5.2) reveals that it is equivalent to Eq. (4.65)
(Eq. (4.68)) if (7,k,n) € Q1 ((4,k,n) € Q2). As a result, Eqs. (4.65) and (4.68) are shared
by the 2D a scheme and 2D a-¢ scheme. Recall that Eq. (2.7) is also shared by the 1D
a and a-e¢ schemes. In this section, using a procedure similar to that which was used
to extend the 1D a scheme to become the 1D a-¢ scheme, the two marching steps that
form the 2D a-€ scheme will be constructed by modifying the other equations in the 2D a
scheme, i.e., Eqs. (4.66), (4.67), (4.69), and (4.70). As a prerequisite, first we shall provide
a geometric interpretation of the procedure by which the second equation of the 1D «
scheme, i.e., Eq. (2.8), was extended to become the second equation of the 1D a-€ scheme,
ie., Eq. (2.13).

The key step in extending the 1D a scheme to the 1D a-e scheme is the construc-
tion of a central difference approximation of du/0z at the mesh point (j,n). The ap-
proximation is given as the fraction within the parentheses on the extreme right side of
Eq. (2.12). Consider a line segment in the z-u space joining the two points (z;_1/2, u’jT_Ll/2)

and (wj_|_1/2,u’jfr_1/2). It is obvious that the above central-difference approximation is the
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value of the slope du/dz of this line segment. In the following modification, instead of con-
sidering a line segment in the z-u space joining two points, we begin with the construction
of a plane in the (-n-u space that intersects three given points.

To proceed, for any (j,k,n) € Q4, ¢ = 1,2, let

. def At n—1/2
U(jksar) = \ U T M ,  r=123 (5.3)
(5, ks3q,7)

By its definition, ué?k_q " is a finite-difference approximation of u at ((j,k;q,7),n). With
the aid of Eqgs. (4.24), (4.27) and (4.28), Eq. (5.3) implies that

n—1/2

In ‘ — -9 < + +>:| 5.4
u(],k,q,r) [u VCUC —I_ V")u’f) (jak;‘IaT') ( )

For both the case ¢ =1 (see Fig. 15(a)) and the case ¢ = 2 (see Fig. 15(b)), let P, Q,
and R be the three points in the {-n-u space with their (i) (- and n-coordinates being those
of the mesh points ((3,k;¢,7),n—1/2), »r = 1, 2,3, respectively, and (ii) their u-coordinates

being ub’?k_q oy T = 1,2, 3, respectively. It can be shown that the plane in the {-n-u space
that intersects the above three points is represented by
w = (ug)je(C —7aC) + (ug)Fe(n — kan) + (w)Fy (5.5)
where
18
cyn def n
W)k = g 2L %Gkam (5.6)
r=1
(cn dﬁf_]_q In ol 5.7
uie = (1 (U kig2) — Ukig) ) /46 (5.7)
and st
(up)fe = (1)1 <u£;’tk;q,3) N uzzk;q,1)> /an (5.8)

The coordinates of the points O and O. depicted in both Fig. 15(a) and Fig. 15(b)
are (jag,kan,u?;) and (ja(, kan,(u®)?;), respectively. Here u7, is evaluated using (i)
Eq. (4.65) if ¢ = 1 and (ii) Eq. (4.68) if ¢ = 2. Equation (5.5) implies that point O, is on
the same plane that contains points P, @, and R. Because generally u7, +* (uc)?’k, points
O, P, Q and R generally are not on the same plane. Moreover, for every point on the
plane represented by Eq. (5.5),

Ou o\n Ou L en
(ag)nzwj,k, and (%)C—wn)j,k (5.9)

As a result of the above considerations, and the fact that the spatial projection of the mesh
point (j,k,n) € Qg on the (n — 1/2)th time level is the centroid of the triangle formed
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with the mesh points ((j,k;¢,7),n —1/2), r = 1,2,3, one concludes that (u®)7,, (u§)?;,
and (uf)?; are central-difference approximations of u, du/d¢, and du/dn, respectively, at
the mesh point (7, k,n).

To proceed, for any (j,k,n) € Q, let

c n defAC e\ c n defAT] c\n
(ug+)j,k = F(uc)j,k and (un+)j,k = F(un)j,k (5.10)

Then the 2D a-e¢ scheme can be defined as follows: For any (j,k,n) € Q4, we assume

Eq. (4.65) and

(u)ie = (ug™)he + 2 <u§+ — u‘é*)j . (5.11)
and
(ug )5e = (ug " )Fa + 2 (ug™ —ug ™) (5.12)

with the understanding that (u‘é"");ﬁk and (u‘,‘,"');ﬁk are those defined in Eqs. (4.66) and
(4.67). On the other hand, for any (j,k,n) € Q2, we assume Eqgs. (4.68), (5.11) and (5.12)
with the understanding that (u‘é"")zk and (ugt)?, are those defined in Eqs. (4.69) and
(4.70).

With the aid of Egs. (5.4), (5.7), (5.8), (5.10), (4.66), (4.67), (4.69) and (4.70), it can
be shown that (i)

(uc+ — u“"")n 1 <u +4ut — 2u+>n_1/2 — <u —2uf — 2u+>n_1/2 (5.13)
¢ ¢ ¢ ") (G,k;1,2) ¢ T/ (5,k51,1)

and

(uct — wotyr, = 1 <u ~out 4u+>n_1/2 - <u ~2ut — 2u+>n_1/2 (5.14)
6 ¢ "/ (,k51,3) ¢ "/ (3,ki1,1)

if (7,k,n) € Q1; and (ii)

1 n—1/2 n—1/2
c+ at+yn __ + + + +
(ug —ug )i = 5 [(u + 2ul + 2u, >(j,k;2,1) — <u —du +2u, >(j,k;2,2)} (5.15)

and

n—1/2

(o4 a n 1
(un+ - un+)j,k = 6 [(u + 2“2— + 2“:)

_ <u + 2u2’ - 4u+>n_1/2 ] (5.16)

(j,k;2,1) ) (5,k52,3)

if (j,k,n) € Q2. Note that (ué"");ﬁk, (u‘é"");ﬁk, (u%—i—)?,k and (u?;—i—)?,k are explicitly dependent

on v¢ and v, (and therefore explicitly dependent on at). However, according to Eqgs. (5.13)-
(5.16), (u?" — u‘é"");ﬁk and (u%"’ — u‘,‘,"');ﬁk are free from this depenency. Note that a similar
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occurrence was encountered in the construction of the 1D a-e¢ scheme (see the comment
given following Eq. (2.14)).

At this juncture, note that:
The 2D a-€ scheme becomes the 2D a scheme when € = 0.

For the special case with ¢ = 1/2, Eqgs. (5.11) and (5.12) reduce to (uz');ik = (ué"')zk

U
Using the same reason given in the paragraph preceding Eq. (2.14), one may conclude

that numerical dissipation in the 2D a-¢ scheme may be controlled by varying the
value of €. In fact, it will be shown in Sec. 7 that (i) the 2D a-€ scheme is unstable if
e < 0ore>1,and (ii) numerical diffusion indeed increases as € increases, at least in
the range of 0 < e < 0.7.

Consider the case (j,k,n) € Q4. Then, with the aid of Egs. (4.28) and (5.13),
Eq. (5.11) can be rewritten as:

and (u;')');ﬁk = (uc'i')?,k, respectively.

6
(UC)?,k = A—C(u?’)”

n—1/2 n—1/2
e (- 22, : (520 : |
n n
31\a¢ ag (3,k31,2) ag ag (3,k31,1)

Let (i) u?j_kl_{z), (uC)?j_kl_{z) and (un)&_kl_{z) be identified with the values of u, u/0¢
n—1/2

and Ou/0n at the mesh point ((j,k;1,2),n — 1/2), respectively; and (ii) U Ri11)
(uC)Z’_kl’fl) and (un)a—kl’fl) be identified with the values of w, Ou/0( and Ou/0n at
the mesh point ((,%k;1,1),n — 1/2), respectively. Then it can be shown that the ex-
pression within the brackets on the right side of Eq. (5.17) is O(a(, an). Furthermore,
because Eq. (4.26) is applicable only for those points ({,7,t) € SE(j,k,n) only (see
Figs. 10(b) and 11(b)), the expression enclosed within the first bracket on the right
side of Eq. (4.26) is O(a(, at). From the above considerations, one concludes that
the error of u*({,n,t;J,k,n) introduced by adding the extra term involving € on the
right side of Eq. (5.17) is second order in A(, An, and at. In other words, addition of
the term involving € results in lowering the order of accuracy of (UC)?, p but not that
of Ul A similar conclusion is also applicable to Eq. (5.11) for (j,k,n) € Q2 and to
Eq. (5.12) for either (j,k,n) € Qq or (3,k,n) € Q,.

(5.17)

The 2D a-€ scheme can also be expressed in the form of Eq. (4.72) if
L—wve—vy —(I—ve—wm)(I+r) —(1—ve—vy)(l+uy)
ef 1
oV &' 3 1—e —(1 4 v — 2¢) —(1 4 vy — 2€) (5.18)
1—¢ —(1 4+ v¢ — 2¢) —(1 4 vy — 2¢)
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T+ve  (I+ve)2—ve) —(1+v)(1+ )

(1) def :1)) —(1—€) —(2— v — 4e) 1+, — 2e (5.19)
0 0 0
1+, _(1‘|'Vn)(1 ‘|'VC) (1‘|'Vn)(2_’/n)
(1) aef :1)) 0 0 0 (5.20)
—(1—¢) 1+ vy — 2 —(2 — vy, — 4e)

Thve+vy (L+vetvy)(l—ve) (14ve+wy)(l—vy)
Qi ¢ :1)) —(1—¢) —(1 = v — 2e) —(1 = vy — 2) (5.21)
—(1 —¢) —(1 —v¢ —2¢) —(1 — vy, — 2¢)

L—ve —(1-ve)2+ve) (I—we)(l—vy)

(2) def 1

2 = g 1—e€ —(2 4 v — 4e) 1—v, —2e (5.22)
0 0 0
and
1 -y (1 _Vn)(l _VC) _(1 _Vn)(2‘|"/n)
QP &f :1)) 0 0 0 (5.23)

1—¢ 1—ve— 2 —(2 4+ vy — 4e)

Note that, with the above definitions, Eqs. (4.73) and (4.74) are also valid for the 2D a-e
scheme.

5.2. The 2D a-¢-a-3 Scheme

For the same reason that motivates the extension of the 1D a-€ scheme to become the
1D a-e-a-(3 scheme, the 2D a-¢ scheme will be extended to become the 2D a-¢-a-83 scheme.
As a preliminary for these extensions, first we shall provide a geometric interpretation of
the procedure by which the 1D a-¢ scheme was extended to become the 1D a-e-a- scheme.

The key step in extending the 1D a-€ scheme to 1D a-e-a-8 scheme is the construction

of a nonlinear weighted average of (u';"_ii'_)? and (u;t)? (see Egs. (2.56)—(2.61)). Let P;_ =
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(wj_1/2,u’].7_bl/2), P; = (zj,u?) and Pj; = (wj_|_1/2,u’jff_1/2) be three points in the z-u
space. Then according to Egs. (2.12) and (2.56), (u';t)?, (u';j_)? and (u‘é"')?, respectively,
are equal to the values of the slope du/dz of the three line segments P;_P;, P;P;; and

P;_P;y, multiplied by the normalization factor az/4. Equation (2.57) states that (ufj;");b

is the simple average of (u';"_ii'_)? and (u;t)? Thus one can say that the key step in
extending the 1D a-e scheme to become the 1D a-e-a- scheme is the construction of the
weighted average of the normalized slopes of P;_P; and P;P;, using the function W,.
In the construction of the 2D a-e-a-f scheme, paralleling the evaluation of the values of
du/dz along the three edges of the triangle AP;_P;P;; in the z-u space, we shall study
the gradient vectors Vu associated with the four faces of a tetrahedron in the (-n-u space.
The vertices of the tetrahedron are the points O, P, @ and R depicted in either Fig. 15(a)
or Fig. 15(b). The nonlinear weighted average used in the 2D a-e-a-3 will be constructed

using three of the four gradient vectors referred to above.

To proceed, consider (j,k,n) € Q. Also let planes #1, #2, and #3, respectively, be
the planes containing the following trios of points: (i) points O, @, and R; (ii) points O,
R, and P; and (iii) points O, P, and Q. Then; in general, these planes differ from one
another and from the plane that contains points P, ) and R. In the following derivations,
first we shall derive the equations representing the former three planes.

As a preliminary for the developments in this and the following sections, for any real
numbers s1, 2 and s3, let

fél)(sl,sz,ss) = —(2s2 + s3)/AC, ff,l)(sl,smss) = —(s2 +2s3)/an (5.24)

FP(s1,82,85) = (251 +83)/aC,  FP(s1,52,53) € (51— 83)/a7 (5.25)
F(s1,82,83) = (51— s2)/aC,  fP(s1,82,83) = (281 + 52) /a7 (5.26)
f:gl)(31732733) = _2:f))w(32 + s3), fggl)(31732,33) def (36 + w)322;|;}f3b —w)ss (5.27)
F (s1,85,85) & ?;1;7 £ (s1,52,83) der (36 w2):ulh+ 2wss (5.28)
f£3)(31,32,33) = ?;;l’ f§3)(31,32,33) def (w = 3b2);1h+ 2wss (5.29)

In the following, consider a mesh point (j,k,n) € Q4 (¢ = 1,2). For any r = 1,2, 3,

let
def

zr = (=D)*(ufk = UG kig,m) (5-30)

r)vn def r v def r
(’U,(C ))],k = fé )(w17w27w3)7 (’U/,(,) ))],k = f,,() )(wl,w2,w3) (53]_)
@) € f (@, e0,25), (W) € F (1, 22, 25) (5.32)
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Then it can be shown that, for each » = 1,2, 3, plane # r is represented by

u= (D)2 (¢ — 5al) + (u§)2 (7 — kan)

) (5.33)
T Uk
if the coordinates ({,n) are used; or by
u:(u(r))n (¢ —z; )_|_(u(r))n (y — ys.1)
z 7k Jrk Y 7k Yy y]ak (5 34)

n
+ Uk

if the coordinates (z,y) are used.

Using Egs. (5.33) and (5.34), one concludes that, at any point on plane #r,r =1,2,3,

we have 5 5
u _ (7“) n u _ I\

au ‘s n au ‘s n
(5e) = wna (Go) =0 (5.36)
Yy T

As a result of Egs. (5.35) and (5.36), at any point on plane #r, r = 1,2,3, (u(zr));ik and

(ugf))?k can be considered as the covariant components of the vector Vu with respect to

and

the Cartesian coordinates (z,y), while (u(gr))?,k and (u%r));ik are the covariant components
of Vu with respect to the non-Cartesian coordinates ((,7n) [55]. Furthermore, according
to Eq. (5.36), at any point on plane #r, r = 1,2,3, we have

7l = 05 [+ p] (5.37)

Note that, by definition, (HT);L’,C, r = 1,2,3, are scalars. For readers who are not familiar
with tensor analysis, it is emphasized that generally ((9?)?’,c would not be a scalar and

(r) ()
y

therefore the first equality sign in Eq. (5.37) would not be valid if u; ’ and uy ’ in the same

equation, respectively, are replaced by u(cr) and uﬁ,’").
To proceed further, let
r)+\n def AC I\ r n def AT] I\
e T (T A e (5:38)

Then Egs. (5.7), (5.8), (5.10), (5.24)—(5.26), (5.30) and (5.31) imply that

e\ 11 (y+ 2)+ 3)+1"
(W =4 w4 DT . (5.39)
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and

1 n
(g )i = g ot e (5.40)
Js
ie., (i) uz"" is the simple average of u(cr)—i_, r =1,2,3. and (ii) uf,"’ is the simple average of

uﬁ,’"”, r = 1,2,3. Equations (5.39) and (5.40) can be considered as the natural extension

of Eq. (2.57). Note that, for simplicity, in the above and hereafter we may suppress the
space-time mesh indices if no confusion could occur.

Note that, as a result of Eq. (5.38), at any point on plane #r,r =1,2,3, (u(cr)—i_)?’k and

(uﬁ,’"”)yk are the normalized covariant components of Vu with respect to the coordinates
(¢,m). On the other hand, as a result of Egs. (5.9) and (5.10), at any point on the plane
that contains the triangle APQR, (ué"')zk and (u%—i—)?,k are the normalized covariant
components of Vu with respect to the same coordinates ({,n). Recall that planes #1,
#2, and #3, respectively, are the planes that contain the triangles AOQR, AORP and
AOPQ. The last three triangles and APQR are the four faces of the tetrahedron OPQR.
Thus Egs. (5.39) and (5.40) state that Vu associated with one face of this tetrahedron is
one third of the sum of Vu associated with the other three faces. This conclusion is true
only because the spatial projection of point O on the plane that contains APQR is the

geometric center of APQR.

To proceed further, given any a > 0, the nonlinear weighted averages (uz""");b’ r and
(u’;,""’);b’k are defined by
0, if 0y =0, =05 =0
w+ def
e T (9293)au(gl)+ + (0301)au22)+ + (64 02)"‘u(c3)+ herwi (5.41)
, otherwise
(0182) + (0203)> + (0361)
and
0, if 0y =0, =05 =0
w5 (028) DT+ (B:0)7 D 4 (By0,) (5.42)
! ? 7 otherwise

(6162)> + (6205)> + (6361)~ ’

respectively. To avoid dividing by zero, in practice a small positive number such as 10760
is added to the denominators of the fractions on the right sides of Eqgs. (5.41) and (5.42).
Note that, in the above weighted averages, the weight assigned to a quantity associated
with plane # r is greater if 6, is smaller.

Also note that the above denominators vanish if a > 0, and any two of 6, 65, and
f3 vanish. Thus, consistency of the above definitions requires proof of the proposition:
0, =6, =603 =0, if any two of 6, 02, and 03 vanish.
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Proof: As an example, let §; = 6, = 0. Then Eq. (5.37) implies that u(r) = ugr) =0,
r = 1,2. In turn, Egs. (5.27), (5.28) and (5.32) imply that z; = 22 = z3 = 0. 63 = 0 now
follows from Egs. (5.29), (5.32) and (5.37). QED.

As a result of Eq. (5.41), we have

utDF, it 6, =0, 6, >0, andf; >0
wft =< w8, =0, 6,>0, andb; >0 (5.43)
uPF, it 63 =0, 6,>0, and 6y >0

Assuming 6, > 0, r = 1,2,3, we have

(1/82)%ulP™ + (1/62)2uF + (1/85)°ut>*
(1/61) + (1/82)= + (1/85)=

(Cr)—i— is proportional to (1/6,.)*. By using (i) Egs. (5.39),
(5.41) and (5.44), and (ii) the fact that u”" =0, r = 1,2,3,if 6, = 0, » = 1,2,3, one

arrives at the conclusion that

w+
Ue¢

(5.44)

Thus the weight assigned to

ué""’ = ué"', if 01 == 02 == 03 (545)

Obviously Eqgs. (5.43)—(5.45) are still valid if each symbol ( is replaced by the symbol 7.

With the above preliminaries, the 2D a-e-a-8 scheme can be defined as follows: For
any (7,k,n) € Qq, we assume Eq. (4.65) and

(= (g e+ 26 (gt —ugt)” 8 (wpt —ugt)” (5.46)
and
(4 Ve = (Vs 2 (5 — )7, + 8 (" — )], (547

with the understanding that (u‘é"")zk and (ugt)?, are those defined in Eqs. (4.66) and
(4.67). On the other hand, for any (j,k,n) € Q2, we assume Eqs. (4.68), (5.46) and (5.47)
\(I\;it;lo)the understanding that (u‘é"");ﬁk and (ul™* ) ¢ are those defined in Egs. (4.69) and

At this juncture, note that, on the smooth part of a solution, 6, 63, and #; are nearly

equal. Thus the weighted averages uz""" and u’;,""’ are nearly equal to the simple averages

C+’ and u{T, respectively (see Eq. (5.45)). As a result, the effect of weighted-averaging

generally is not discernible on the smooth part of a solution.

Finally note that, according to Eq. (5.37), evaluation of (4,)® does not involve a
fractional power if « is an even integer. Because a fractional power is costly to evaluate,
use of the a-e-a-(3 scheme is less costly when « is an even integer.
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6. The Euler Solvers

We consider a dimensionless form of the 2-D unsteady Euler equations of a perfect
gas. Let p, u, v, p, and v be the mass density, z-velocity component, y-velocity component,
static pressure, and constant specific heat ratio, respectively. Let

ui=p, uz=pu,  uz=po, ug=p/(y—1)+p(u’+%)/2 (6.1)

f=us (6.2)
f3 = (v = Dua + (3 —7)(u2)*/(2u1) — (v — 1)(u3)*/(2u1) (6.3)
f3 = uzuz/u (6.4)
f§ = yuauafus — (1/2)(y — Duz [(u2)* + (u3)?] /(u1)? (6.5)
Ji=us (6.6)
¥ =uruz/ug (6.7)
§ = (v = Dua+ (3 —7)(us)’/(2u1) — (v — 1)(u2)*/(2w1) (6.8)
and
£ = yusua/ur = (1/2)(y — Lus [(u2)? + (us)?] /(u1)? (6.9)

Then the Euler equations can be expressed as

Oun | OfF, | OfY _
ot o oy =0 m=1,2,3,4 (6.10)

Assuming smoothness of the physical solution, Eq. (6.10) is a result of the more funda-
mental conservation laws

]{ B - d5 =0, m=1,2,3,4 (6.11)
S(V)
where

Em:( :’L?fﬂz)um)7 m:1727374 (6.12)

are the space-time mass, z-momentum component, y-momentum component, and energy
current density vectors, respectively.

As a preliminary, let

ne S OfnOus and  fr S OfL Ous,  mL=1,2,3,4 (6.13)

m,L

The Jacobian matrices, which are formed by f7, , and f:;’%l, m,{ = 1,2,3,4, respectively,
are given in [9].
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Because fZ and f¥, m =1,2,3,4, are homogeneous functions of degree 1 [53] in uq,
Uz, u3, and uyg, we have

4 4
=Y fo,u,  and  fL =) fY,u (6.14)
=1 £=1

Note that Eq. (6.14) is not essential in the development of the CE/SE Euler solvers to be
described in the following subsections. However, in certain instances, it will be used to
recast some equations into more convenient forms.

6.1. The 2D Euler a Scheme

For any (,y,t) € SE(j,k,n), um(w,y,t.), e (z,y,t), ff;’,b(w.,y,t), and hm(w,y,.t), re-

and i::z(w,y,t ;7,k,m). They will be defined shortly. Let

* - def n n n
un(2,y,t57,k,m) = (um)j,k + (umz)j,k(w —Tjk) + (umy)j,k(y — Yj,k) (6.15)
—I_(umt)?,k(t_tn)? m = 1727374
where (wm)?r, (Umz)fgs (Wmy)7g, and (ume)?, are constants in SE(j,k,n). Obviously,
they can be considered as the numerical analogues of the values of u.,, Ou,,/0z, Ou,/dy,
and Ou,,/0t at (z;k,y;k,t"), respectively.

Let (fﬁz)?’k, (f];’z)?’k, ( ;,l)?’k, and ( g’z,l)?,k denote the values of f7., f¥, f; ,, and
f:;’%l, respectively, when u,,, m = 1,2,3,4, respectively, assume the values of (um)?’k,

m =1,2,3,4. For any m = 1,2,3,4, let

-

(f2 )0 =

maljk —

(f:z,z)?,k(ulz)?,k (6.16)

~
I
—

&
o
hE

(ffz,z)?,k(uly)?,k (6.17)

~
I
—

&
o
hE

(Fme)Fon

(f:z,l)?,k(ult)?,k (6.18)

~
I
—

&
o
hE

(Fr, )Tk ()5 (6.19)

~
I
—

=9

] =

f

( gzy)?,k = ( gz,l)?,k(uly)?,k (6.20)

~
I
—
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and
e Y (Y )k (ue) (6.21)
£=1

Because (i)

6f Zf;l%?, m=1,2,3,4 (6.22)

and (ii) the expression on the right side of Eq. (6.16) is the numerical analogue of that
on the right side of Eq. (6.22) at (z,¥jk,t"), (f5.)}) can be considered as the nu-

merical analogue of the value of 9f7,/0z at (zjk,yjk,t"). Similarly, (£5,)%, (f7)?s

(f22)i ks (F2y)2 ks and (f5,4)7 ), can be considered as the numerical analogues of the values

of 9f% /0y, OfE /0t, af}jz/(?w 0f¥ /0y, and OfY /0t at(z;r,y;k,t"), respectively. As a

result, we define

frfz*(w7y7t;j7k7n) i (fz );L,k —I_( ) k(w _wjak)—l_(frfzy)?,k(y_yj,k)

(6.23)
—I_( mt)j,k(t_tn)7 m=1,2,3,4
and
* . def n n n
oz, y,t50,k,n) = (f3)7e + (Fae)in(e —zik) + (Foy) 76y — Ysk) (6.24)
—I_(fgzt)?,k(t_tn)? m=1,2,3,4
Also, as an analogue to Eq. (6.12), we define
he(e,y,t55, k) (ffz*(w,y,t;j,k,n),f%*(w,y,t;j,k,n),
(6.25)

u%(w,y,t;j,k,n)), m=1,2,3,4

Note that, by their definitions: (i) (£3,)% 1, (£%)7 5, (fm.0)7 > and (f'gz,l)?,k are functions of
(um)?,kv m=1,2,3,4; (i) (f2 )nk and (f, );ﬁk are functions of (um);ﬁk and (umz)?’k, m=
1,2,3,4; (iii) ( my)?k and (fy );L,k are functions of (um)?; and (wmy)7, m = 1,2,3,4;
and (iv) (f7,¢)7 and (fy. )% are functions of (um)?; and (ume)?y, m =1,2,3,4.

Moreover, we assume that, for any (z,y,t) € SE(j,k,n), and any m = 1,2, 3,4,

Ouy,(z,y,t55,k,n)  Off*(z,y,t55,k,n)  Of%(z,y,t55,k,n)
+ +
ot Oz Oy

Note that Eq. (6.26) is the numerical analogue of Eq. (6.10). With the aid of Egs. (6.15),
(6.23), (6.24), (6.16), and (6.20), Eq. (6.26) implies that, for any m = 1,2, 3,4,

=0 (6.26)

4

(une)foe = (G = (P = = 2 [Frewes + fhues] - (627)

=1 ’
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Thus (umt)?,k is a function of (um)?’k, (umz)?’k, and (umy)?’k. From this result and the
facts stated following Eq. (6.25), one concludes that the only independent discrete variables
needed to be solved for in the current marching scheme are (um)?’k, (umz)?’k, and (umy)?’k.

Consider the conservation elements depicted in Figs. 10(a) and 11(a). The Euler
counterpart to Eq. (4.11) is

]f R -dg$=0, r=1,2,3, m=1,23/4 (6.28)
S(CE.(j,k,n))

Next we shall introduce the Euler counterparts of Eqgs. (4.22), (4.23), (4.27), and
(4.28). For any (j,k,n) € Q, let

Fod)5 \ aet oy [ Fre)ie
tef - . m,l=1,2,34 (6.29)
(fom )Tk (Fo,e)om
and
(umc)?,k def (umz)?,k
T . m=1,2,34 (6.30)
(umn)?,k (umy)?,k

The normalized counterparts of those parameters defined in Eqs. (6.29) and (6.30) are

def 3At def 3at

C n n
(fot ik = 2Ag(fml)],k7 and  (fIF ik E( )ik (6.31)
and c
n def A n n def AT n
(u—ir;LC)j,k = 6 (umc)] k> and (u;n)]’,k = F(umn)j,k (6.32)

In the following development, for simplicity, we may strip from every variable in an
equation its indices 7, k, and n if all variables are associated with the same mesh point
(j,k,m) € Q. Let F¢t and F7T, respectively, denote the matrices formed by fgjz and

fl—;, m,{ =1,2,3,4. Let I be the 4 x 4 identity matrix. Then the current counterparts
to Eqgs. (4.29)—(4.46) are

sVl pt _ prt (6.33)

S{DE L (1 — FOF — F1H)(I 4+ FSH) (6.34)
S{VE L L (1= FOF - F1H)(I + F7) (6.35)
nVELE 4 pot (6.36)

D (1 + FCTY(2I — FH) (6.37)
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s def 4 r o gy 4 Bt 6.38
23

nPEE 4 prt (6.39)

SDEF L L1+ (T 4+ FOH (6.40)

VE E (1 4 Frhy(2I — FT) (6.41)

w{PE L 4 pét 4 prt (6.42)

S{DE L (1 4 FOF 4 P11 — FOH) (6.43)

S{VE L (14 FOT 4 FTHY(I - FT (6.44)

nPEL ot (6.45)

nBE (1 FOrY2I + FCH) (6.46)

nPE L (1 FOHY(I — FT) (6.47)

nPE L prt (6.48)

SDE L (1 — Frhy(I — FOT) (6.49)
and

nWE L (1 - Frhy(2I + FTT) (6.50)

Note that Eqgs. (4.29)—(4.46) become Egs. (6.33)—(6.50), respectively, under the following
substitution rules:
§1: 1, v¢, and vy, be replaced by I, F¢t, and F"7, respectively.
§2: a(q)i be replaced by E(q)i, g=1,2 and r,s = 1,2, 3, respectively.
As will be shown, under the above and other rules of substitution to be given later, many
other equations given in Secs. 4 and 5 can be converted to their Euler counterparts given
in this section. The latter will be referred to as the Euler images of the former.

Equation (6.28) is evaluated in Appendix C. Let (j,k,n) € Q. Let , u, ﬁ;’, and 4,

respectively, be the 4 x 1 column matrices formed by %, wmz, u"'n;c, and u"n;n, m=1,2,3,4.
Then, with the aid of Eq. (6.14), for any pair of ¢ and r (¢ = 1,2 and r» = 1,2,3), the
results with m = 1,2,3,4 can be combined into the matrix form

n—1/2
— [Egg) _I_ E(‘I) _I_ E(Q)— —’-I- (651)

( )—i— + > + >
E ‘1 E(‘I) + E(‘I) 7;I—:|
(j,k39,7)

Ik

Eq. (6.51) is the Euler image of Eq. (4.51) under the substitution rules §2 and
§3: wu, uy, uz', and u;')' be replaced by u, us, ﬁ;’, and 1?7;", respectively.
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As a result of Eqgs. (6.33)—(6.50), we have
2@0F 1 2@0* 4 2(0F _ 31, g=1,2 (6.52)

and

E(q):l: i E(q)i i E(q)i _ E(Q)i + E(Q)i + E(Q)i —0, g=1,2 (6.53)

Equations (6.52) and (6.53) are the Euler images of Eqs. (4.47) and (4.48), respectively.
For either ¢ = 1 or ¢ = 2, by summing over the three equations »r = 1,2,3 given in

Eq. (6.51), and using Eqs. (6.52) and (6.53), one concludes that, for any (j,k,n) € Q,

3
. 1 _ _ n—1/2
;L,k — 3 E [E(Q) TN E(‘I) _I_ E(‘I) -I- ke ) g = 1,2 (654)
r= 1 vy ,T'

As a result, 47, can be evaluated in terms of the marching variables at the (n — 1/2)th
time level.

Note that, with the aid of Egs. (6.33)—(6.50), Eq. (6.54) can be expressed explicitly as

1 n—1/2 B n—1/2 e n—1/2 (1

on + + (1) + ( ) + / (1)

Yik = 3 [(I_FC - B >(]aka1a1) + (I +F¢ >( ki1,2) ° + (L4 )(j,k;l,s)sf‘ ]
(6.54a)

if (j,k,n) € Q; or

S

07, = 1 [(I—|—F¢++F"+)" 1/2 *(2)+(I N 1/2 *(2)+(I Frye 1/2 42)]

3 (]7k7271) (]7k7272) (]7k7273)
(6.54b)
if (j,k,n) € Q2. Here (i)
—(1) def | ¢+ 7\ =+ n=1/2
g1 de [u—(I—l—F yad — (I+F)at ]( o (6.55)
]7 b} )
S0 A [ (o _ FHy b (T4 p )t | 6.56
Sy 0 = u—l—( - )uc _( + )un (.ks1,2) (6.56)
and 12
(1) def [ - . L
HORC [u — I+ FSH)af + (20— F') u;](j,k;1,3) (6.57)
with (7,k,n) € Qy; and (ii)
(2) def [ CHY ot ST
HORC [u—l—(I—F i+ (I-F )un](,k‘21 (6.58)
]7 1< )
S 4t [ (or L pCHy b 4 (- priyat | 6.59
Sy = u—( + )uc +( - )un (jrks2,2) ( . )
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and
n—1/2

g & [ﬁ +(I—F) @} — (20 + FF) ﬁ,ﬂ | (6.60)
(7,k32,3)
with (7,k,n) € Q. Egs. (6.54a)—(6.60) are the Euler images of Eqgs. (4.65), (4.68) and
(4.59)—(4.64), respectively, under the substitution rules §1, §3 and

84: s(q) be replaced by s(q) g=1,2,and r = 1,2, 3, respectively.
E(Q)-l-)

For any (j,k,n) € Qg, the matrices ( Tk T = 1,2,3, are known functions of
u? ). Thus they can be evaluted after the latter is evaluated using Eq. (6.54). Assuming

the existence of the inverse of each of the matrices (E(q)+)n (see Appendix D.3 for an

existence theorem), it follows that one can also evaluate S(q) (¢ =1,2 and r = 1,2,3)

where
n—1/2
x [297a+ 2l 7af + 597, (6.61)

(4,k59,7)

5@ def [(E(qH—)

sk
Note that, in this paper, the inverse of a matrix A is denoted by [4] !
At this juncture, note that §{? can be evaluated by a direct application of Eq. (6.61),
n
if one does not mind inverting the 4 x 4 matrices <E£f:{)+> . Alternatively, for each pair

J»

of ¢ and r, one may use the method of Gaussian elimination to obtain the 4 x 1 column

matrix 59 as the solution to the matrix equation

no n—1/2
<Efﬁ)+> i G = [Eg) 7+ 0" i + n(9- ~+] (6.62)
3,

(4,k59,7)

Furthermore, by multiplying Eq. (6.51) from the left with

(=),
sk

repeatedly with all possible pairs of ¢ and r, and using Egs. (6.33)—(6.50) and (6.61), one
has [9] (1)

@+ (I+F)al + (I+F) ﬁ,ﬂnk =5 (6.63)

]7
|@— @1 - F)af + (1+ F™) ] =5 (6.64)

and .
[ﬁ+ (I+FH)af — (2 — ) ﬁ,ﬂ = g (6.65)

where (j,k,n) € Q4; and (ii)
[i- (- Fyag - (1-Fyaf] =5 (6.66)
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[@+ 1+ Pty af — (1 Fr) ﬁ,ﬂn — §® (6.67)
and

[i— (- Ftyat + r+Fr)af] =50 (6.68)

where (j,k,n) € Q,.
Note that, with the aid of Eqgs. (6.33), (6.36), (6.39), (6.42), (6.45), (6.48) and (6.61),
Eq. (6.54) can also be expressed as

0 = :1)) [(I—F” Fn—l—) §O 4 (I—|—F¢+) §M 4 (I_|_Fn+) S(l)] (6.69)

if (j,k,n) € Q; or
@y = :1)) [(I—|—F¢+ _|_Fn+) 5(2) ( Fc+) 5(2) ( Fn—l—) 5(2)] (6.70)

if (5,k,n) € Qy. Furthermore, by subtracting Eqs. (6.64) and (6.65), respectively, from
Eq. (6.63), one obtains

— " —a n def ]_ — —
(@), =@, (80 -5) (6.71)
sk 3
and 1
— n —q, n def =~
(@), = (@5 = <S(1) §M) (6.72)

respectively, where (j,k,n) € Q4. Next, by subtracting Eq. (6.66) from Eqgs. (6.67) and
(6.68), respectively, one obtains

S\™ catn def 1 /35 =

and .
1\ —q+yn def 2 o (2
(u:—)]’,k = (un+)j,k — 3 <S3( )_ Sl( )> (6.74)
respectively, where (j,k,n) € Q,.
Note that, under the substitution rules §1, §3,
5: u“"" and u2T be replaced by #%" and @2, respectively.
n ¢ Y
§6: s(q) be replaced by §,£q), g=1,2,and r = 1,2, 3, respectively.

Eqgs. (6.63)—(6.74) are the Euler images of Eqgs. (4.53)—(4.58), (4.65), (4.68), (4.66), (4.67),
(4.69) and (4.70), repectively.

The 2D Euler a scheme is formed by repeatedly applying the two marching steps
defined, respectively, by (i) Eqgs. (6.54a), (6.71) and (6.72); and (ii) Egs. (6.54b), (6.73)
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and (6.74). Note that: (i) because §{9 can not be evaluated without 4%} being known
first, one cannot evaluate u7; using Eqs. (6.69) and (6.70); and (ii) the 2D Euler a scheme
is a two-way marching scheme in the sense that the conservation conditions Eq. (6.28) can
also be used to construct its backward time marching version.

At this juncture, note that the 2D Euler a scheme is greatly simplified by the fact that
ﬁ;ﬁk can be evaluated explicitly in terms of the marching variables at the (n — 1/2)th time

levels using Eq. (6.54). As a result, the matrices (E&Z)—F)Zk, which are nonlinear functions
of ﬁ?’ > can be evaluated easily. In other words, nonlinearity of the above matrix functions
does not pose a difficult problem for the 2D Euler a scheme.

To explain how Eq. (6.54) arises, note that, because of Eq. (5.1),
]{ e .ds=0, (j,k,n)€Q (6.75)
S(CE(j,k,n))

is the direct result of Eq. (6.28), the basic assumptions of the 2D Euler a scheme. According
to Eq. (5.1), CE(j,k,n) is the hexagonal cylinder A'B'C'D'E'F'ABCDEF depicted in
Figs. 10(a) and 11(a). Except for the top face A'B'C'D'E'F', the other boundaries of this
cylinder are the subsets of three solution elements at the (n — 1/2)th time level. Thus, for
any m = 1,2,3,4, the flux of }_I::n leaving CE(j,k,n) through all the boundaries except the
top face can be evaluated in terms of the marching variables at the (n — 1/2)th time level.
On the other hand, because the top face is a subset of SE(j,k,n), the flux leaving there is
a function of the marching variables associated with the mesh point (7, k,n). Furthermore,
because the outward normal to the top face has no spatial component, the total flux of
}_I::n leaving CE(j,k,n) through the top face is the surface integral of u}, over the top face.
Because the center of SE(j,k,n) coincides with the center of the top face, it is easy to
see that the first-order terms in Eqs. (6.15) do not contribute to the total flux leaving the
top face. It follows that the total flux leaving the top face is a function of (um)?’k only.
As a result of the above considerations, 47, can be determined in terms of the marching
variables at the (n — 1/2)th time level by using Eq. (6.75) only. Equation (6.54) is the
direct results of Eq. (6.75).

Because implementation of the 2D Euler a scheme requires, at each mesh point
(j,k,n) € Q, the solution of the three matrix equations (corresponding to r = 1,2,3)
given in Eq. (6.62), the scheme is referred to as locally implicit [1, p.22]. A simplified and
completely explicit version of it will be described immediately.

6.2. The Simplified 2D Euler a Scheme

Eq. (6.75) is assumed in the 2D Euler a scheme. As a result, Eq. (6.54) is also
applicable to the new scheme.

To construct the rest of the simplified scheme, note that, with the aid of Egs. (6.33)-
(6.50), a substitution of the approximations

n n—1/2
2“”) N (z“”) 6.76
< "k ") Goksayr) (6.76)
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into Eq. (6.61) reveals that
SO 3@ ¢=1,2, r=1,2,3 (6.77)

where 59 are defined in Egs. (6.55)—(6.60).
As a result of Eq. (6.77), Eqgs. (6.71) and (6.72) can be approximated by

S\ ™ alin def 1 /1) o1
(37)7, = @ 5 (50 - 5) (678)
and ,
= 7 —q' n def —(1 —(1
(u:—)j,k = (un +)j,k = 3 <31( ) 335 )> (6.79)

respectively, where (j,k,n) € Q. Similarly, Eqs. (6.73) and (6.74) can be approximated
by

ve " —q' n def 1 —(2 —(2
<“C+>jk =@ )0 = g <3§ '3 )> (6.80)
and ,
= n —a' n def (2 —(2
(@) 5 = (@ 5 = 3 <s§ ) )> (6.81)

respectively, where (j,k,n) € Q,.

Note that Eqgs. (6.78)—(6.81) are the Euler images of Egs. (4.66), (4.67), (4.69) and
(4.70) under the substitution rules §3, §4 and

§7: u‘é"" and u‘f,"’ be replaced by ﬁ‘gl"" and ﬁ?)'+, respectively.

The first marching step of the simplified 2D Euler a scheme is formed by Egs. (6.54a),
(6.78) and (6.79). The second marching step is formed by Egs. (6.54b), (6.80) and (6.81).
Moreover, because every 59 (and thus every (12"2’"")?,0 and (12"7‘)'"')?,c with (j,k,n) € Q)
can be evaluated without solving a system of equatioﬁs, the simpliffed version is compu-

tationally more efficient than the original scheme.
6.3. The 2D Euler a-¢ Scheme

Eq. (6.75) is assumed in the 2D Euler a-¢ scheme. As a result, Eq. (6.54) is also
applicable to the new scheme. As will be shown shortly, by considering their component
equations separately, the vector equations that form the rest of the 2D Euler a-¢ can be
developed in a fashion similar to that which was used to develop the 2D a-¢ scheme.

Let (j,k,n) € Q, and consider any m = 1,2,3,4. Let (u;n)?j’k;q’r), ()T ks (W) T
and (uf,,)?; be defined by a set of equations identical to Eqgs. (5.3) and (5.6)—(5.8) except
that the symbols u', u, us, u®, u¢ and uf in the latter equations are replaced, respectively,
by the symbols (ul,), wm, Umt, uS,, ug,c and uf,, in the former equations. Let P, @, and
R, (see Figs. 16(a) and 16(b)) be the three points in the {-n-u space with (i) their - and

n-coordinates being those of the mesh points ((j, k;4,7),n — 1/2), r = 1,2, 3, respectively,
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and (ii) their u-coordinates being (u! )(] kg T = 1,2,3, respectively. It can be shown
that the plane in the (-n-u space that intersects the above three points is represented

by an equation that is identical to Eq. (5.5) except that the symbols u°, u¢ and uj in

Eq. (5.5) are now replaced by u,, u¢ e and up ., respectively. As a result, for every point
on the plane referred to above, we have two relations that are identical to those given in
Eq. (5.9) except that the symbols u¢ and uj, in Eq. (5.9) are now replaced by u;, . and ug,,,

respectively. Furthermore, let (u ;;"C)] f and (us] )] . be defined using an equation that is

identical to Eq. (5.10) except that the symbols uc ) UgH uc+ and uj in the latter equation

c+

o in the former equation.

are replaced, respectively, by the symbols u° C’ Upyes U and us,

n

—c

Moreover, let o', u*® g, uj 172"" and uc+, respectively, denote the 4 x 1 column

matrices formed by u!,, uS,, Uy U 7ch and uf?;';), m = 1,2,3,4. Then, with the aid of
the relation A
= (FC+ 2t 4 Pt *+> (6.82)

which follows from Egs. (6.27), (6.29), and (6.30), it becomes evident that we can obtain a
set of equations that are the Euler images of Egs. (5.3), (5.4), (5.6)—(5.8), and (5.10)—(5.12)
under the substitution rules §1, §3, §5 and

§8: u', u®, ug, ug, ué"" and uf,"’ be replaced by u', u¢, uf, u}, 172"" and ﬁ%"’, respectively.

Note that the Euler images of Egs. (5.13)—(5.16) under the substitution rules §3, §5

and §8 are not valid for the current scheme because (i) (u‘é"")] . and (_"7‘)'")] . are defined

in terms of §(q) g=1,2,7=1,2,3 (see Egs. (6.71)—(6.74)), while (u ‘CH') , and (ug );L,k
are defined in terms of s(q) g=1,2,r=1,2,3 (see Egs. (4.66), (4.67), (4.69), and (4.70));
and (ii) Sr(q), which were defined by Eq. (6.61), are structually different from sfﬁ), which
were defined by Egs. (4.59)-(4.64). However, as will be shown shortly, the Euler images of
Egs. (5.13)—(5.16) under the substitution rules §3, §7 and §8 do exist.

For future reference, several key equations associated with the 2D Euler a-¢ scheme
will be given explicitly. They are:

=l n def [ - At n=1/2 5 ot . n—1/2
Uiy — \UF 5 = u—2<F ul A+ F7 un>] (6.83)

o 2 (jak;‘IaT') (j’k;q’r)
(uc )]’k - 6 < (,.77 a‘IaZ) (,.77 a‘Ial)> (6'84)
(" )in = 6 < (,J, k;q,3) (,J, ,q,1)> (6.85)
(82), = @+ 2T~ T (6:56)

and

()7 = @H)7 + 2e(@" — @z )7, (6.87)
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where (j,k,n) € Q4, ¢ = 1,2. The 2D Euler a-e scheme is formed by Egs. (6.54), (6.86)

and (6.87) for any (j,k,n) € Q,.
6.4. The Simplified 2D Euler a-¢ Scheme

The defining equations of the simplified 2D Euler a-¢ scheme are identical to those of
the 2D Euler a-e scheme except that Eqgs. (6.86) and (6.87) should be replaced by

n 1 . . 1
<17C+> = (ﬁ’g +)?’k —|—2e(u2+ —u‘g "")?’k

(6.88)

(6.89)

3k
and
(uy )i = (0 )7 e + 2e(ay™ — @y )}y
respectively.
Moreover, with the aid of Egs. (6.78)-(6.81) and (6.83)—(6.85), it can be shown that
(i)
ot _attyn _ L[ (o gt ootV o oot oot
(uc — Uy )j,k = 6 [(u + 4uc — 24, >(j,k;1,2) — <u — 2uc — 24,
and
et _artyn L[ (o oot 4otV o oot oot
(un — )j,k =4 [(u — 2“( + 44, >(j,k;1’3) — <u — 2“( — 24,

if (7,k,n) € Q1; and (ii)

' 1 n—1/2
sc+ 2o\ ve youu 2+
A [(“ +2ul + 2u, >(j,k;2,1)

(@t —ay )7 ! <*+ 2d; + 2*+> o
u — B = — U U u
! nork T e ¢ "/ (G ks2,1)

if (],k,n) € Q2.

o g2t g ozt
— <u—4uc —|—2un>

— (@ + 2af - ad)

n—1/2

6.90
(j,k;l,l)] ( )
n—1/2

6.91
(j,k;l,l)] ( )
n—1/2

6.92
(j,k;2,2)] ( )
n—1/2

6.93
(j,k;2,3)] ( )

Note that, under the substitution rules §3, §7 and §8, Eqs. (6.90)—(6.93) are the Euler

images of Eqgs. (5.13)—(5.16), respectively. Also note that (12’2"")?,,6, (

n

explicitly dependent on at). However, according to Egs. (6.90)—(6.93), (

—, ! .
(gt — uy "');“k are free from this depenency.

6.5. The 2D Euler a-ec-a-8 Scheme
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In this subsection, the techniques used in constructing the 1D Euler a-e-a-8 scheme
and the 2D a-e-a- scheme will be combined and used to construct the 2D Euler a-e-a-3
scheme.

To proceed, for any (j,k,n) € Q4, any m = 1,2,3,4, and any r = 1,2, 3, let

def

e = (1) ()% — (W) pigm) (6.94)
(u(?‘)c);zk def fC (wm,1,wm,27$m,3), ( (r)) def f(r)(wm,l,wmg,wm,?,) (6.95)
W) N @ty Emzy 2ma)y (@) ) (@mt, @mzy ms)  (6.96)

where fér), ff,r), f;r), and fér) are the functions defined in Egs. (5.24)—(5.29). Note that
Egs. (6.94)—(6.96) are the Euler counterparts of Eqgs. (5.30)—(5.32), respectively.

To proceed further, for either (j,k,n) € Q1 or (j,k,n) € Qg, consider any fixed value
of m = 1,2,3,4. Let P,, Q, and R,, be the three points defined in Sec. 6.3. Let
O, (see Figs. 16(a) and 16(b)) denote the point in the (-n-u space with the coordinates
(7aC, kan, (um)7?y). Let planes #1, #2, and #3, respectively, be the planes containing the
following trios of points: (i) points Op,, Qm, and Ry,; (ii) points O, Ry, and Pp,; and

(iii) points O, Pp, and Q.. Then it can be shown that, for each r = 1,2, 3, plane #r is

represented by an equation that is identical to Eq. (5.33) except that the symbols u( ) u%r),

and u on the right side of Eq. (5.33) are now replaced by ufn)c, uﬁnl,, and (um, ), respectively.

Alternatively, the plane # r can be represented by another equation that is identical to

Eq. (5.34) except that the symbols uy), ugf), and u on the right side of Eq. (5.34) are now
(r) ()

replaced by wmz, Umy, and (u,), respectively. As a result, for every point on the plane

#r, we have a set of relations that are identical to those given in Egs. (5.35) and (5.36)
(ry (r) _(7) (r)

except that the symbols Ue 'y Uy, Us and uy

(ry _(r) _(7) ()

by Uyt Umns Umi, and %y, respectively. It follows that, at any point on plane #r, we
have

in the latter equations are now replaced

n def r r "
V] = (B 2 Muﬁniv + () (6.97)
Jrk
Furthermore, let
)+ \n defAC T)\n r+yn def A7 r
G A L (6.98)

Then Eqgs. (6.84), (6.85), (5.24)—(5.26) and (6.94)—(6.96) imply that

1
c+\n (1)+ (2)+ (3)+ 6.99
(i = 5 [0+l a2 (6.99)
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and

1
(Wi )ie = g [s5+ o+ o] (6100)

mn .
Ik

ie., (i) u;jc is the simple average of ufj;)c—'_, r =1,2,3; and (i) u&), is the simple average

mn
of u%%—i_, r = 1,2,3. Equations (6.97)—(6.100) are the Euler counterparts of Eqgs. (5.37)-
5.40), respectivel
P y.

Wlth the above preliminaries, it becomes obv1ous that v e * and u%‘,’;, respectively the

present counterparts of the weighted averages uc and u’;,""’ defined in Egs. (5.41) and
(5.42), should be defined by

0, if Oy =0m2=0m3=
w+ def
Ume = ) (Bm20ms)™ el (s bim1 ) wekt 4 (b2 )™ wlt e
(0m10m2) ‘I’(0m20m3) ‘I’(em?;eml)a ) orenvise
(6.101)
and
0, i Oy = Oy = Oy = 0
yvt (1)+ (2)+ (3)+
mn (0m20m3) Umny ‘I’(0m30m1) Umny ‘I’(0m10m2) Umny otherwise
(0m10m2)a ‘I’(0m20m3) ‘I’(0m30m1) ’
(6.102)

respectively. Note that, to avoid dividing by zero, in practice a small positive number such
as 107%% is added to the denominators in Egs. (6.101) and (6.102).

Let ﬁcw"" (_’7’;""') be the column matrix formed by uw"ic' (uw;’;), m =1,2,3,4. Then, for

m

any (7,k,n) € Q, the 2D Euler a-¢-a-f scheme is defined by Eq. (6.54) and

<ﬁc+>j L= @)+ 26(@ET — G )Fg + BT — W) (6.103)
and

(@)7, = (@2 + 2e(@5t — @) + B(Ert — @) (6.104)
where € and @ are adjustable parameters.

6.6. The Simplified 2D Euler a-¢-a-8 Scheme
For any (j,k,n) € Q, the simplified 2D Euler a-e-a-8 scheme is formed by Eq. (6.54)

and

<ﬁc+>j,k = (@g F)fp +2e(@t —ag )i+ B(EET — T )k (6.105)

and

(@)7 = (@) Ey + 2e(@F — @ )7, + BELT — @)y, (6.106)
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where € and @ are adjustable parameters.

6.7. The 2D CE/SE Shock-Capturing Scheme
Let e = 1/2 and § = 1. Then the 2D Euler a-¢-a-8 scheme and the simplified 2D Euler

a-e-a-f scheme reduce to the same scheme. For any (j,k,n) € Q, the reduced scheme is

formed by Eq. (6.54) and

<ﬁc+>j’k = (@) (6.107)
and
(@) = (@) (6.108)

The above scheme is one of the simplest among the 2D Euler solvers known to the authors.
The value of « is the only adustable parameter allowed in this scheme. Because this scheme
is the 2D counterpart of the 1D CE/SE shock-capturing scheme and shares with the latter
all the distinctive features described in Sec. 2.8, it will be referred to as the 2D CE/SE
shock-capturing scheme.
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7. Stability

In this section, stability of the 2D a and a-¢ schemes will be studied using the von
Neumann analysis. Note that Eqgs. (4.73) and (4.74) are valid for these two schemes if

the matrices anq) (¢ =1,2 and r = 1,2,3) are defined using Eqgs. (5.18)-(5.23) with the
understanding that € = 0 should be assumed for the 2D a scheme.

To proceed, let
M (6,,8,) def le)e(i/3)(9<+9n) + le)e(i/3)(_294+9n) + le)e(i/3)(94_29n) (7.1)

and

M@ (6,,6,) def Q§2)e_(i/3)(94+9n) + Qg2)6_(i/3)(_294+9n) + Qg2)6_(i/3)(94_29n) (7.2)
Furthermore, for all (j,k,n) € Q, let

7(G, kyn) = §*(n, B¢, 0, )e 30 THhEn) (¥ V=1, —m<6,0,<m) (7.3)

where ¢*(n,0¢,60,) is a 3 X 1 column matrix (see Sec. 4 in [1]). Substituting Eq. (7.3) into
Eqgs. (4.73) and (4.74), one concludes that: (i)

T*(n+m,0¢,0,) = [MD(8,0,)MP(6,,6,)] " 7 (n, 8¢, 6,) (7.4)
where n = +1/2,+3/2,4+5/2,..., and m = 0,1,2,...; and (ii)
T*(n+m,0¢,0,) = [M®(8,0,)MD(6,,6,)] " G (n, 8¢, 6,) (7.5)

where n = 0,+1,42,..., and m = 0,1,2,.... Equation (7.4) implies that the am-
plification matrix among the half-integer time levels is M) (8,,6,)M(®(8;,8,); while
Eq. (7.5) implies that the amplification matrix among the whole-integer time levels is
M(2)(0C70n)M(1)(0C707})'

Let A and B be two arbitrary n x n matrices. Then AB and BA have the same
eigenvalues, counting multiplicity [54, p.53]. Thus the 3 x 3 amplification matrix among
the half-integer time levels and that among the whole-integer time levels have the same
eigenvalues. These eigenvalues may be referred to as the amplification factors. The ampli-
fication factors are functions of phase angles 6; and §,,. In addition, they are functions of a
set of coeflicients that are dependent on the physical properties and the mesh parameters.
These coefficients are (i) v¢ and v, for the 2D a scheme; and (ii) v¢, v, and € for the 2D
a-€ scheme. Let \q, A2, and A; denote the amplification factors. In the current stability
analysis, a scheme is said to be stable in a domain of the above coefficients if, for all values
of the coefficients belonging to this domain, and all §; and 0, with —m < 0¢,0, <,

|)\1| S ]_, |)\2| S ]_, and |)\3| S 1 (76)
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Consider the 2D a scheme. By using its two-way marching nature and the fact that

its stencil is invariant under space-time inversion, it is shown in [9] that, for any given v,
Up, 0¢, and 0,,

A1 A2A3] =1 (7.7)

It follows from Eqs. (7.6) and (7.7) that the 2D @ scheme must be neutrally stable, i.e.,
|)\1| = |)\2| = |)\3| = ]_, - < 0(,07) <7 (78)

if it is stable. In other words, the 2D a scheme is non-dissipative if it is stable. Moreover,
a systematic numerical evaluation of A1, A2, and A3, for different values of v¢, vy, 8¢, and
0., has confirmed that the 2D a scheme is indeed neutrally stable in the stability domain

defined by Eq. (4.75). In the following, we shall discuss the meaning of this stability
domain.

Let (j,k,n) € Q. According to Egs. (4.73) and (4.74), the marching variables at
the mesh point (j,k,n) are completely determined by those of seven mesh points at the
(n — 1)th time level (i.e., the mesh point (j,k,n — 1), and points 4, B, C, D, E and F
shown in Figs. 17(a) and 17(b)). As a result, in this paper, the interior and boundary of
the hexagon ABC DEF shall be referred to as the numerical domain of dependence of the
mesh point (j,k,n) at the (n — 1)th time level. Note that the dashed lines depicted in
Figs. 17(a) and 17(b) are the spatial projections of boundaries of CEs.

The 2D @ scheme is designed to solve Eq. (4.1). For Eq. (4.1), the value of u is
a constant along a characteristic line. The characteristic line passing through the mesh
point (j,k,n) will intersect a point on the plane ¢ = t"~!. The point of intersection,
referred to as the backward characteristic projection of the mesh point (j,k,n) at the
(n — 1)th time level, is the “domain” of dependence at the (n — 1)th time level for the
value of u at the mesh point (j,k,n). It is shown in Appendix D.1 that the backward
characteristic projection is in the interior of the numerical domain of dependence if and
only if Eq. (4.75) is satisfied.

At this juncture, note that the concept of characteristics was never used in the design
of the 2D a scheme. Nevertheless, its stability condition is completely consistent with the
general stability requirement of an explicit solver of a hyperbolic equation, i.e., the analytic
domain of dependence be a subset of the numerical domain of dependence.

Next we consider the stability of the 2D a-e scheme. Recall that the 1-D a-¢ scheme
is not stable for any Courant number v if € < 0, or € > 1 [2]. Similarly, the results of
numerical experiments indicate that the 2D a-¢ scheme is not stable in any domain on the
ve-vn plane if € < 0 or € > 1. For any € with 0 < e <1, the 2D a-¢ scheme has a stability
domain on the v¢-v, plane. The stability domains for several values of ¢ were obtained
numerically. As shown in Figs. 18(a)-(c), these domains (shaded areas) vary only slightly
in shape and size from that depicted in Fig. 14. They become smaller in size as € increases.

Given any pair of v¢ and vy, A1, Ay and A3 are functions of 8, and 8,. Let (i)

Msl < A2l < M| <0,  —m<6,6,<m (7.9)
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and (ii) Ay = 1 when ; = 0,, = 0. Then Ay can be referred to as the principal amplification
factor; while Ay and A3 are referred to as the spurious amplification factors [1]. In gen-
eral, the principal amplification factor is the deciding factor in determining the accuracy
of computations [1]. Specifically, numerical solutions may suffer annihilations of sharply
different degrees at different locations and different frequencies if numerical diffusion asso-
ciated with \; varies greatly with respect to 8¢, 8,, v¢, and v, [7, p.20]. Moreover, note
that (1 — |A,|) is a measure of the numerical diffusion associated with A,, r = 1,2,3. For a
given ¢, let D(e) denote the stability domain of the 2D a-e scheme on the v¢-v, plane. Let

def
() & m 1— A, ~1,2,3; 0<e<l 7.10
X (6) _7T<94797I§7T;al(}7{JCaVﬂ)ED(€)( | |) " ‘ ( )

Then, for a given € and each r, (1 — |A;|) is bounded uniformly from above by x(€). The
numerically estimated values of x.(€) are plotted in Fig. 19. From this figure, one con-
cludes that the numerical diffusion, particularly that associated with Ay, can be bounded
uniformly from above by an arbitrary small number by choosing an € small enough. Note
that this property is also shared by the 1-D a-¢ scheme (see Eq. (3.19) in [2]). Moreover,
the results shown in Fig. 19 indicate that x2(¢) and x3(€) are much larger than xi(¢) in
the range of 0 < e < 0.5. Thus, in this range, the spurious part of a numerical solution is
annihilated much faster than the principal part. Also it is seen that the numerical diffusion
associated with the principal solution, measured by x1(€), increases with € in the range of

0<e<0.7.

Because of the appearance of nonlinear weighted-average terms in its defining equa-
tions, stability of the 2D a-e-a-3 scheme is difficult to study analytically. However, results
from numerical experiments indicate that the stability domain of this scheme is slightly
larger than that of the 2D a-¢ scheme when a > 0 and 8 > 0.

Before we proceed further, several concepts related to stability need to be clarified.
First note that, to define a numerical problem, one must specify (i) the main scheme (such
as any solver described in Secs. 4-6) used in the updating of the marching variables at
the interior mesh points, and (ii) the auxiliary discrete initial/boundary conditions. Thus,
generally stability is not a concept involving only the main scheme.

Next note that use of the von Neumann stability analysis can be rigorously justified
only if the numerical problem under consideration satisfies a set of strict conditions [1].
They include (i) the mesh used should be uniform in both spatial and temporal directions,
(ii) the main scheme used should be linear in the discrete variables, and (iii) the boundary
conditions used should be periodic in nature. Because (i) the stability conditions generated
using the von Neumann analysis are expressed in terms of the coeflicients of the discrete
variables and the mesh parameters only, and (ii) the above coefficients and mesh param-
eters are constant and independent of the initial/boundary conditions, the stability of a
numerical problem that satisfies the above strict conditions (i)—(iii) is completely indepen-
dent of the initial /boundary conditions. For this special numerical problem, stability can
be considered as a concept involving only the main scheme.
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For a uniform-mesh linear problem with non-periodic boundary conditions, the stabil-
ity conditions generated from the von Neumann analysis generally are necessary but not
sufficient conditions for stability. For such a problem, the initial/boundary conditions may
have an impact on stability and numerical diffusion. Note that the results given earlier in
this section are obtained without considering this impact.

Generally, stability of a nonlinear problem is highly dependent on the initial/boundary
conditions, and therefore highly problem-dependent. As a result, a discussion of the sta-
bility of nonlinear solvers without specifying the exact initial/boundary conditions, such
as that to be given immediately, is inherently imprecise in nature.

To proceed, for each mesh point (j,k,n) € Q, a local Euler C FL number v, > 0 is
introduced in Appendix D.2 (see Egs. (D.32)—(D.35)). This number has the following prop-
erty: For the flow variables at the mesh point (j, k,n), its analytical domain of dependence
at the (n — 1)th time level lies within the corresponding numerical domain of dependence
if and only if v. < 1. According to the results of numerical experiments, both the 2D
Euler a scheme and the simplified 2D Euler a scheme are generally unstable. However
the former is only marginally unstable when v, ,,,,, < 1 where v, ,,,, is the maximum
value of v, ever reached in a numerical experiment. As a matter of fact, in simulating
smooth flows, its round-off error often never reaches an appreciable level before the end of
the simulation run. As for the other solvers described in Sec. 6, stability generally can be
realized if ve ,,,, < 1 and 0.05 < € < 1. However, for a nonsmooth flow problem, stricter
stability conditions such as ve pq. < 2/3,0.1 < e <1 and a > 1 may apply.
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8. Conclusions and Discussions

The space-time CE/SE method was conceived from a global CFD perspective and
designed to avoid the limitations of the traditional methods. It was built from ground zero
with a foundation which is solid in physics and yet mathematically simple enough that one
can build from it a coherent, robust, efficient and accurate CFD numerical framework. A
clear and thorough discussion of these basic motivating ideas was given in Sec. 1.

The 1D CE/SE schemes [2] were reformulated in Sec. 2 such that the reader can see
more clearly the structural similarity between the solvers of the 1D convection equation
Eq. (1.1) and those of the 1D Euler equations. In addition, this reformulation also paves
the way for the construction of the 2D CE/SE schemes and makes it easier for the reader
to appreciate the consistency between the construction of the 1D CE/SE schemes and that
of the 2D schemes.

It was shown in Sec. 3 that the basic building blocks of the spatial meshes used in
the 2D CE/SE schemes are triangles. As a result, these schemes are compatible with the
simplest unstructured meshes, and therefore are applicable to 2D problems with complex
geometries. Furthermore, because they are constructed without using the dimensional-
splitting approach, these schemes are genuinely multidimensional.

The 2D a scheme, a nondissipative solver for the 2D convection equation Eq. (4.1),
was constructed in Sec. 4. It is a natural extension of the 1D a scheme and shares with
the latter several nontraditional features which are listed following Eq. (4.74).

Because a nonlinear extension of a nondissipative linear solver generally is unstable
or highly dispersive, the 2D a scheme was modified in Sec. 5 to become the dissipative 2D
a-€ and a-e-a-(3 schemes before it was extended to model the 2D Euler equations. It was
clearly explained in Sec. 5 that these 2D dissipative schemes are the natural extensions of
the 1D a-€ and a-e-a-(3 schemes, respectively. Moreover, as in the case of the latter schemes,
numerical dissipation introduced in the former schemes is controlled by the parameters ¢,

a and S.

A family of solvers for the 2D Euler equations were constructed in Sec. 6. Not only
are these solvers the natural extensions of the 1D CE/SE Euler solvers, but their algebraic
structures are strikingly similar to those of the 2D a, a-€ and a-e-a-f schemes.

Next, stability of the 2D solvers described in Sec. 4-6 was discussed in Sec. 7. It was
shown that the 2D a scheme is nondissipative in the stability domain defined by Eq. (4.75).
It was also shown that the necessary stability conditions for the 2D solvers include: (i)
the local CFL number < 1 at every mesh point, and (ii) 1 > e >0, « > 0 and § > 0 if
applicable. Note that these conditions are also necessary stability conditions for the 1D

CE/SE solvers.

A summary of the key results of the present paper has been given. It is seen that
each of the present 2D schemes is constructed in a very simple and consistent manner as
the natural extension of its 1D counterpart. This is made possible because of the present
development’s strict adherence to its two basic beliefs which were stated in Sec. 1.
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To evaluate the accuracy and robustness of the CE/SE schemes, the two simplest
schemes among them, i.e., the 1D and 2D CE/SE shock-capturing schemes, will be used
in Part IT [3] to simulate flows involving phenomena such as shock waves, contact discon-
tinuities, expansion waves and their interactions. The numerical results, when compared
with experimental data, exact solutions or numerical solutions by other methods, indicate
that these schemes can consistently resolve shock and contact discontinuities with high
accuracy. Note that other CE/SE schemes described in this paper have also been shown to
be accurate solvers for other applications [11,13-17,20,24,26-28]. Furthermore, using the
present method, Yu et al. have successfully constructed several accurate solvers for 1D
and 2D problems with stiff source terms [21,22,32].

Note that the 1D CE/SE schemes have been extended to become accurate 2D and 3D
solvers by others without using the current approach. After constructing their 1D CE/SE
solver for the Saint Venant equations, Molls et al. [29] construct the 2D version using
the Strang’s splitting technique [56]. Furthermore, several 2D and 3D non-splitting Euler
solvers have also been constructed by Zhang et al. [57-61] without using triangular or
tetrahedral meshes.

The triangles depicted in Fig. 5 are obtained by sectioning each parallelogram depicted
in the same figure into two triangles. The 2D CE/SE solvers can also be constructed using
the triangles that are obtained by sectioning each parallelogram into four triangles. These
solvers along with other CE/SE solvers with nonuniform spatial meshes [4] will be described
in future papers.

This paper is concluded with a discussion of several other extensions.
8.1. A sketch of a 3D Euler solver

The CE/SE method can be extended to three spatial dimensions using the same
procedure that was used in extending the method from one spatial dimension to two spatial
dimensions. In the 3D case, at each mesh point, the mesh values of any physical variable
and its three spatial gradient components are considered as independent variables. Because
there are four independent discrete variables per physical variable (or per conservation law
to be solved), construction of the 3D a scheme and the 3D Euler a¢ scheme demands that
four CEs be defined at each mesh point. As will be shown immediately, this requirement
can be met by using tetrahedrons as the basic building blocks of the 3D spatial mesh.

To pave the way, consider the 2D case and Figs. 5 and 6(a). The quadrilaterals GFAB,
GBCD and GDEF are the spatial projections of the CEs associated with the point G'.
The CEs in the 3D case can be constructed in a similar fashion. Consider the tetrahedrons
ABCD and ABCP depicted in Fig. 20. Points G and H are the centroids of ABCD
and ABCP, respectively. The two tetrahedrons share the face ABC. The polyhedron
GABCH is then defined as the spatial projection of a CE associated with a space-time
mesh point G'. The CE is thus a right cylinder in space-time, with GABC H as its spatial
base. The point G is the spatial projection of point G'.

In a similar fashion, three additional CEs associated with the mesh point G' can be
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constructed by considering in turn the three tetrahedrons that share with ABC D one of
its other three faces.

Note that a structured 3D spatial mesh can be constructed from the tetrahedrons that
are obtained by sectioning the parallelepipeds occupying a spatial region. The details will
be given in a separate paper.

8.2. Concept of Dual Space-Time Meshes and Its Applications

The mesh depicted in Fig. 4(a) is staggered in time, i.e., the mesh points that have
the same spatial locations appear only at alternating time levels. In Fig. 21(a), the mesh
depicted in Fig. 4(a) (referred to as the mesh 1) is superimposed on another staggered
mesh (referred to as the mesh 2), with the mesh points of the latter being marked by solid
triangular symbols. The combination of the meshes 1 and 2 shall be referred to as the dual
mesh. As shown in Fig. 21(b), a CE of a mesh point marked by a triangle may coincide
with a CE of another mesh point marked by a dot.

Obviously the 1D @ scheme can also be constructed using mesh 2. As a matter
of fact, one can even combine two independent 1D a schemes, one constructed on the
mesh 1, and the other on the mesh 2, into a “single” scheme referred to as the 1D dual a
scheme. Similarly one can also construct the dual 1D a-€ and a-€e-a-8 schemes. Each of the
new schemes has two completely decoupled solutions. Without considering this decoupled
nature in the von Neumann analysis, it can be shown that the resulting amplification
factors of the dual 1D a scheme are identical to those of the Leapfrog scheme as given in
[52, p.100]. Note that the deficiency of the standard practice that the amplification factors
of the Leapfrog scheme are obtained without taking into account the decoupled nature of
its solutions was addressed in Sec. 1.

Let (j,n) be a mesh point of mesh 1 (mesh 2). Then (j +1/2,n) are mesh points of
mesh 2 (mesh 1). Recall that uljll/2 (see Eq. (2.10)) are defined in terms of the marching
variables at (5 + 1/2,n — 1/2), which are on the same mesh with (j,n). Thus the two
solutions on meshes 1 and 2 of either the dual 1D a-¢ scheme or the dual 1D a-e-a-3
scheme are decoupled. However, by replacing u’]ll /2 with uly /2 (which are evaluated
using Eq. (2.8) with the understanding that j be replaced by j+1/2) in their construction,
each of the above two schemes will turn into a new scheme in which the solutions on meshes
1 and 2 become coupled. The coupling results from the fact that u7 and u?il/2 are not
associated with the same mesh. Note that the solutions of the new schemes generally are
indistinguishable from (or only slightly more diffusive than) those of the original schemes.

In [12,25], two implicit schemes for solving the convection-diffusion equation Eq. (1.2)
were constructed using a dual space-time mesh. In the case that p = 0, both the above
implicit schemes reduce to the explicit non-dissipative dual ¢ scheme. As a result, the
amplification factors of these schemes reduce to those of the Leapfrog scheme if p = 0.
Furthermore, these two implicit schemes have the property that their numerical dissipa-
tion approaches zero as the physical dissipation approaches zero. The significance of this
property was discussed in Sec. 1.
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In case that g > 0, both the above implicit schemes are truly implicit. This implicit
nature is consistent with the fact that, for 4 > 0, the value of a solution to Eq. (1.2) at
any point (z,t) depends on the initial data and all the boundary data up to the time ¢.
In other words, generally an implicit scheme should be used to solve an initial /boundary-
value problem, such as one involving Eq. (1.2) with g > 0. This requirement becomes
more important as the diffusion term in Eq. (1.2) becomes more dominant.

In addition, for both the above implicit schemes, the solution at the mesh points
marked by dots, through the diffusion term in Eq. (1.2), is coupled with that at the mesh
points marked by triangles if g > 0. Also it was shown in [12,25] that, in the pure diffusion
case (i.e., when a = 0), the principal amplification factors of both the above implicit
schemes reduce to the amplification factor of the Crank-Nicolson scheme [52]. Note that
the latter has only one amplification factor.

The concept of dual space-time meshes also is applicable to the 2D and 3D cases.
As an example, consider a 2D mesh (the mesh 1) with the mesh points marked by circles
in Fig. 6(a)—(c). For this case, the mesh points of the mesh 2 are points G, C', E', G",
I'" and K". In general, if (j,k,n) represents a mesh point of the mesh 1, then (j,%k,n')
represents a mesh point of the mesh 2 if and only if (n —n') is a half-integer. Note that a
more complete discussion of the concept of dual meshes will be given in Part II [3].

Note that not only can the concept of dual meshes be used to construct implicit
schemes, but it can also be used to implement reflecting boundary conditions (see the
following paper [3]). In addition, this concept is indispensable in the development of a 2D
triangular unstructured-mesh CE/SE scheme [31].

8.3. A discussion on locally adjustable numerical dissipation

Consider the 1D a-e-a-f scheme, i.e., the scheme defined by Egs. (2.7) and (2.60).
With ¢, a and [ being held constant, generally numerical dissipation associated with
this scheme increases as the Courant number v decreases. To compensate for this effect,
Eq. (2.60) may be replaced by

(ud)} = (ug ™)} +2e(v)(ug™ —ug ™)} +B)(uy™ —ug™)7 (8.1)

z/j J z /]

where €(v) and 8(v) are monotonically decreasing functions of v with ¢(0) = §(0) = 0. The
optimal forms of these functions generally are problem-dependent. The scheme defined by
Egs. (2.7) and (8.1) has the property that

(uj)? — (u‘;—i_)? as at— 0 (8.2)

With the aid of Eq. (8.2), it is easy to see that the new scheme shares with the a scheme
the same property Eq. (2.19) in [2], i.e.,

u?"'l — uy  and (uj)?""l — (uj)? as at—0 (8.3)

In the new scheme introduced above, numerical dissipation is controlled by the pa-
rameters €(v), B(v) and a with the first two being the functions of the convection speed

NASA/TM—1998-208843 68



a, the mesh interval Az and the time-step size Af. In similar extensions involving solvers
of more complicated nonlinear equations, the values of these parameters may vary with
space and time, and their local values generally will be functions of local values of dynamic
variables, mesh intervals and time-step size.
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Appendix A. A CE/SE Solver for the Sod’s Shock Tube Problem
with Non-Reflecting Boundary Conditions

implicit real*8(a-h,o-z)

dimension q(3,999), qn(3,999), qx(3,999), qt(3,999),

* 5(3,999), vx1(3), vxr(3), xx(999)

c nx must be an odd integer.

nx = 101

it = 100

dt = 0.4d-2

dx = 0.1d-1

ga = 1.4d0

rhol = 1.d0

ul = 0.d0

pl = 1.d0

rhor = 0.125d0

ur = 0.d0

pr = 0.1d0

ia=1
c

nxl =nx + 1

nx2 = nx1/2

hdt = dt/2.d0

tt = hdtxdfloat(it)

qdt = dt/4.d0

hdx = dx/2.d0

qdx = dx/4.d0

dtx = dt/dx

al =ga-1.d0

a2 = 3.d0 - ga

a3 = a2/2.d0

a4 = 1.5d0xal

u2l = rholxul

u3l = pl/al + 0.5d0*rholxul**2
u2r = rhorxur

u3dr = pr/al + 0.5d0xrhorsurx2
do 5 j = 1nx2

q(1,j) = rhol

q(2,j) = u2l
q(3,j) = u3l
q(1,nx2+j) = rhor
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q(2,nx2+j) = u2r
q(3,nx2+j) = u3r

do5i=13
gx(i,j) = 0.d0
gx(i,nx2+j) = 0.d0
) continue
c
open (unit==8,file="'for008')
write (8,10) tt,it,ia,nx
write (8,20) dt,dx,ga
write (8,30) rhol,ul,pl
write (8,40) rhor,ur,pr
c
do 400 i = 1,it
m = nx +1i- (i/2)*2
do 100 j = 1,m
w2 = q(27.])/q(17.])
w3 = q(37.])/q(17.])
21 = -a3*w2x%x2
122 = a2xw2
131 = al*w2x%3 - gaxw2*xw3
132 = ga*w3 - ad*xw2x*x2
133 = gaxw2
qt(17j) = —qX(2,j)
qt(2,j) = -(£21xqx(1,j) + 22xqx(2,j) + alxqx(3,j))
qt(3,j) = -(£31xqx(1 ,J) + £32xqx(2 ,J) + £33%qx(3,j))
s(1,j) = qdxxqx(1,j) + dtxx(q(2,j) + qdbxqt(2,)))
5(2,j) = qdxxqx(2,j) + dtxx(f21x(q(1,j) + qdbt*qt(1,)) +
o R24(a(2y) + adtrat(2)) + alx(a(34) + aderat(3,9)
5(3,j) = qdxxqx(3,j) + dtxx(f31x(q(1,j) + qdtxqt(1,j)) +
x  132x(q(2,j) + th*qt( i) + 133%(q(3,j) + th*qt(3,J)))
100 continue
if (i.ne.(i/2)*2) goto 150
do 120k = 1,3

qx(k,nx1) = gx(k,nx)
qn(k,1) = q(k,1)
qn(k,nx1) = q(k,nx)
120 continue
150 jl=1-i+4 (i/2)*2
mm=m - 1
do 200 j = 1,mm
do 200k =1,3
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200

300
400

500

600

10
20
30
40
50

qn(k,j+jl) = 0.5d0x(q(k,j) + q(k,j+1) + s(kj) - s(k,j+1))

VXl( ) = (an(l,j+j1) - q(k,j) - hdtxqt(k,j))/hdx

vxr(k) = (q(k,j+1) + hdtxqt(k,j+1) - qn(k,j+j1))/hdx
qx(k,j+j1) = (vxl(k)x(dabs(vxr(k)))**ia + vxr(k)x(dabs(vxl(k)))

«xia)/((dabs(vxl(k)))*xia + (dabs(vxr(k)))*xia + 1.d-60)

continue

m = nxl -1+ (i/2)%2

do 300 =1m

do 300 k = 1,3

q(k,j) = an(k,j)

continue

continue

m = nx] -it + (it/2)=2
mm=m -1

xx(1) = -0.5d0xdx*dfloat(mm)
do 500 j = 1,mm

xx(j+1) = xx( ) + dx
continue

do 600 j = 1,m

X = q(27.])/q(17.])

y = alx(q(3,)) - 0.5d0xx*%2xq(1,j))
z = x/dsqrt(gaxy/q(L,j))

write (8,50) xx(j),q(1,j),%,y,2

continue

close (unit=8)
format(' t = ',gl14.7, it = ',i4,' ia = ',i4,' nx = ',i4)

format(' dt = ',g14.7, dx = ',g14.7,' gamma = ',g14.7)

format(' rhol = ',g14.7,) ul = ',g14.7, pl = ',g14.7)

format(' rhor = ',g14.7,) ur = ',gl4.7, pr = ',gl4.7)

format(’ x ='18.4, tho ='18.4,) u ='18.4,) p ='18.4,
"M = 8.4)

stop

end
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Appendix B. Proof for Eq. (4.51)

To proceed, first we shall evaluate the flux leaving each of the six quadrilaterals that
form the boundary of a CE (see Figs. 10(a) and 11(a)). As a preliminary, note that, in
Fig. 10(a),

area of ABGF = area of CDGB = area of EFGD = 21;:h (B.1)
In Fig. 11(a), we have
2wh
area of BOGA = area of DEGC = area of FAGE = 3 (B.2)

Equations (B.1) and (B.2) can be proved easily using the information provided in Fig. 12(a).
Moreover, because u*(z,y,t;j,k,n) is linear in z, y, and ¢ (see Eq. (4.10)), its average
value over any quadrilateral is equal to its value at the geometric center (centroid) of the
quadrilateral. With the above preparations, flux evaluation can be carried out easily using

Egs. (4.6a)—(4.6¢), (4.8), (4.10), (B.1), and (B.2).
For each quadrilateral, the result of flux evaluation is a formula involving a., ay, u7,
(uz)?, and (uy)?;. It can be converted to another formula involving v¢, vy, u7y, (uz');ik,

and (u;')');ﬁk To carry out the above conversion, note that Eqs. (4.19), (4.20), (4.22), (4.23),
(4.27), and (4.28) imply that

ag 9 w—>b w+b ve
ay —h h Un
and, for any (j,k,n) € Q,
(uw)?,k 3 1 1 (u?)?,k
. ~ w+b w-—0> n (B.4)
(uy)j,k T A (un )j,k

Let (uz)?s, (uy)7g,---, be abbreviated as ugz, uy,..., respectively. Then Eqgs. (B.3) and
(B.4) imply that

2h
ay = g (g — ) (B.5)
w dwh
haz —I_ <§ — b> ay = m (VC —I_ 21/7)) (B.G)
w dwh
haz — <§ —I_ b> ay = m (2VC —I_ Vn) (B.7)
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S (4. .+
uz:;<uc —|—un> (B.8)

3
uy = [(w — bt — (w+ b)ug] (B.9)
At + +

Z( 2Ug + QyUy) = veud + vyuy (B.10)

b h
(2 + 1:;) Uy + §uy = 2u;|)' — uz' (B.11)

and ; .
(2 — 1:;) Uy + §uy = u;')' — 2u2’ (B.12)

The conversion referred to above can be carried out using Egs. (B.5)—(B.12).

Consider Fig. 10(a). The results of flux evaluation involving the quadrilaterals that
form the boundaries of CE,(j,k,n), » =1,2,3, and (j,k,n) € Q; are given here:

1) The flux leaving CEq(j,k,n) through G'F'A'B' is
g g

2wh n
+o o+
<u+u4 +u">j,k
(2) The flux leaving CE4(j,k,n) through G'GFF' is

n

2wh
_% <y¢ + 21/,,) [u + 2u2’ — u;')' + <Vgu2' + V,,Uj,') .
J»
e flux leavin 1 n) throu is
(3) The flux leaving CE4(j,k,n) through G'B'BG i
2wh "
_% <2y¢ + Vn> [u — u&" + 2u;')' + <Vgu2' + V,,Uj,') .
J»
4) The flux leaving CEq(7, k,n) through AFGB is
g ]7 ? g
_2wh <u ot u+>n—1/2
3 ¢ ") j+1/3,k+1/3
5) The flux leaving CE4(j,k,n) through ABB'A' is
g g
2wh n—1/2
% <VC + 21/,,) [u — 2u2’ + u;')' — <1/Cu2' + Vnu;')'
j+1/3,k+1/3
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(6) The flux leaving CE;(j,k,n) through AA'F'F is

2wh n—1/2
9 <2VC + V,,) [u + uz' — 2u;|)' — <1/Cu2' + Vnu;')'>

j+1/3,k+1/3
(7) The flux leaving CE.(j, k,n) through G'B'C'D' is

2wh

3 <u— 2u2’ —|—u;|)'>

3k
(8) The flux leaving CE,(j,k,n) through G'GBB’ is

n

2wh
% <2y¢ + Vn> [u — u&" + 2u;')' + <Vgu2' + V,,Uj,')]
gk

(9) The flux leaving CE3(j,k,n) through G'D'DG is

2wh
% <VC — V,,) [u — uz' — u;')' + <1/Cu2' + Vnu;')'> .
sk
(10) The flux leaving CEz(j,k,n) through CBGD is
2wh n—1/2
_2wh out — +>
3 <u Taug —uy i—2/3,k+1/3
(11) The flux leaving CE3(j,k,n) through CDD'C' is
2wh n—1/2
_% <2y¢ + Vn> [u + u&" — 2u;')' — <Vgu2' + V,,Uj,')
j—2/3,k+1/3
(12) The flux leaving CEz(j,k,n) through CC'B'B is
2wh n—1/2
% <Vn — VC> [u + uz' + u;')' — <1/Cu2' + Vnu;')'>
j—2/3,k+1/3
(13) The flux leaving CE;(j,k,n) through G'D'E'F' is
2wh n
+ +
3 <u + us — 2un>j’k
(14) The flux leaving CE;(j,k,n) through G'GDD' is
2wh "
% <Vn — VC> [u — uz' — u;')' + <1/Cu2' + Vnu;')'> .
Js
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15) The flux leaving CE3(7,k,n) through G'F'FG is
g g

n

2wh
% <y¢ + 21/,,) [u + 2u2’ — u;')' + <Vgu2' + V,,Uj,')]
sk

(16) The flux leaving CE;(j,k,n) through EDGF is

2wh n—1/2
_ R <u — uz' + 2u+>
3 ") j+1/3,k—2/3

1 e flux leavin 3 n) throu 18
(17) The flux leaving CE;(j,k,n) through EFF'E’ i

2wh n—1/2

9 <VC — V,,) [u + uz' + u;')' — <1/Cu2' + Vnu;')'>

J+1/3,k—2/3
(18) The flux leaving CE;(j,k,n) through EE'D'D is

2wh n—1/2
_T< ¢+ 21/,,) [u — 2u2’ + u;')' — <Vgu2' + V,,Uj,')

j+1/3,k—2/3

Consider Fig. 11(a). The results of flux evaluation involving the quadrilaterals that
form the boundaries of CE,(j,k,n), » = 1,2,3, and (j,k,n) € Q2, are given here:

(19) The flux leaving CE4(j,k,n) through G'C'D'E' is
2wh n
bt I I

3 <u ul —uy >j,k
(20) The flux leaving CE4(j,k,n) through G'GCC" is

n

2wh
% <VC + 21/,,) [u — 2u2’ + u;')' + <1/Cu2' + Vnu;')'>

Ik
21) The flux leaving CE4(7, k,n) through G'E'EG is
g g

2wh
% <2VC + V,,) [u + uz' — 2u;|)' + <1/Cu2' + I/nuj}'>

3k
(22) The flux leaving CE4(j,k,n) through DCGE is

2wh n—1/2

3 <u—|—u2’—|—uj{>

j—1/3,k—1/3

NASA/TM—1998-208843 76



23) The flux leaving CEq(j,k,n) through DEE'D' is
( g J»k, g

2wh n—1/2
_T< ¢+ 21/,,) [u + 2u2’ — u;')' — <Vgu2' + V,,Uj,')
j—1/3,k—1/3
(24) The flux leaving CE4(j,k,n) through DD'C'C is
2wh n—1/2
_% <2y¢ + Vn> [u — u&" + 2u;')' — <Vgu2' + V,,Uj,')
j—1/3,k—1/3

25) The flux leaving CE3(7, k,n) through G'E'F'A' is
g g

n

2wh

+ o+
3 <u+2u4 _u”>j,k
(26) The flux leaving CEz(j,k,n) through G'GEE' is

n

2wh
— 9 <2y¢ + Vn> [u + u&" — 2u;')' + <Vgu2' + V,,Uj,')] .
(27) The flux leaving CE3(j,k,n) through G'A' AG is

n

2wh
% <Vn — VC> [u + uz' + u;')' + <1/Cu2' + V,,uj,')] .
Js
(28) The flux leaving CE3(j,k,n) through FEGA is
2wh n—1/2
_ R <u — 2u2’ + u+>
3 ") i+2/3,k—1/3
(29) The flux leaving CE3(j,k,n) through FAA'F' is
2wh n—1/2
L <2VC + Vﬂ) |:'u, — 'u,—ci— + 211,;1)_ — <I/Cu2_ + I/nu;;—>
9 j+2/3,k—1/3
(30) The flux leaving CEz(j,k,n) through FF'E'E is
2wh n—1/2
“wn <yc — yn> [u — 'u,'c" — u;')' — <ygu2' + V,,uj,')
9 j+2/3,k—1/3

31 e flux leavin 3(7,k,n) throu is
The flux leaving CE;3(7, k hrough G'A'B'C" i

2wh n
+ +
T <u — 'u,c + 2un>j,k
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(32) The flux leaving CE;(j,k,n) through G'GAA' is

n

2wh

9 <VC — V,,) [u + uz' + u;')' + <1/Cu2' + Vnu;')'>

3k
(33) The flux leaving CE;(j,k,n) through G'C'CG is

n

2wh
_% <y¢ + 21/,,) [u — 2u2’ + u;')' + <Vgu2' + V,,Uj,')
3k
(34) The flux leaving CE;(j,k,n) through BAGC is
n—1/2
—@ <u +uf — 2u+>
3 ¢ ") j—1/3,k+2/3
35) The flux leaving CE3(7, k,n) through BCC'B' is
g
2wh n—1/2
% <Vn — VC> [u — uz' — u;')' — <1/Cu2' + Vnu;')'>
j—1/3,k+2/3
36) The flux leaving CE3(j,k,n) through BB'A'A is
g g
2wh n—1/2
% < ¢+ 21/,,) [u + 2u2’ — u;')' — <I/Cu2' + Vnu;')'>
j—1/3,k+2/3

With the aid of Egs. (4.29)—(4.46) and (4.49a)—(4.50c), Eq. (4.51) is the result of
(1)—(36) and Eq. (4.11). QED.
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Appendix C. Proof for Eq. (6.51)

As a preliminary, note that Eqs. (6.18), (6.21), and (6.27) can be used to obtain

mt = Z iy <fz,qqu + f} quqy> (C.1)
L,g=1
and
T (£2qt00 + FEqan) (C:2)
L,g=1

In this appendix, we adopt the same convention stated following Eq. (6.32). It follows
from Eqgs. (6.29)—(6.32) that

gy 9 w—>b w+b fgj"l
== @ ) m = 1,2,3,4 (0-3)
gz,l —h h f:&
and
1 1 +
Ume 3 U
= ; w —I— b w — b ) m = 1,2,3,4 (0.4)
Umy - uf
h h n

An immediate result of Egs. (C.3) and (C.4) is

4
4
_ ¢+ n+ _
l_gl < mzulz‘|‘fmzuly> = l_gl <f ul("'fmluzn) m=1,2,3,4 (C.5)

By using Egs. (6.14), (6.16)—(6.21), and (C.1)—(C.5), it can be shown that

3
e = > (g ) ()
b w h
b w h
(2 — 6) Uz + 3 Umy = u"'n;n - 2'““—'77;( (C.8)
hf:c _|_<7_b> ¥ _4wh : <fC+ _|_2f7)+>,u,l (09)
mT 3 ™ 9at mat T 2l m g
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4

nin— (2 0) 1= o > (215 1) v (C.10)

h[<2+"é>%+hmy—<";’+b>[<’;+"§>%z+3%y} o
C.11

S FONCEATICERED
h[(Z—"é)%ﬁZmy+<";’—b>[<’;—"§>%z+3%y} o
C.12

Agwib Z <fc + 2f2;,rz> <uzn 2“zc>
i (5 =) = = 35 (850 2020) (i i) (09

fne (D 8) = SO0 SN (o ) (fug - frTag) (0aa)

fn % f%’wi ff;’u

2h o o . I (C.15)
N <f fml) ue g+ uln Z( £t 1 feg uqn)
=1
and
w at
fom £ *fgw + ngzt
(C.16)

- 32Aht <f -/ ’m)

4

+ o+ +o4

ue uf Luf) iz<4q Uge T ﬂ“qn)
g=1

Note that each of Egs. (C.15) and (C.16) represents two equations. One corresponds to
the upper signs; while the other, to the lower signs.
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Next we shall evaluate the flux of }_I::n leaving each of the six quadrilaterals that form
the boundary of a CE (see Figs. 10(a) and 11(a)). The evaluation procedure is similar to
that described in Appendix B. For the current case, the key equations used are Eqs. (4.6a)-
(4.6¢), (6.15), (6.23)—(6.25), and (C.6)—(C.16). Futhermore, as will be shown shortly, the

structures of the results obtained here are very similar to those given in Appendix B.

Consider Fig. 10(a). The results of flux evaluation involving the quadrilaterals that
form the boundaries of CE,(j,k,n), » = 1,2,3, and (j,k,n) € 4, are given here:

(1) The flux of }_I::n leaving CE4(7,%k,n) through G'F'A'B’ is

2wh n
+ +
3 <um + U + u"”’)j,k

(2) The flux of }_I::n leaving CEq(j,k,n) through G'GFF' is

2wh [ o 4 .

=1 g=1 gk

(3) The flux of }_I::n leaving CE4(7,%k,n) through G'B'BG is

2wh 4 "
-5 { (2f5h + £2) [w—uzwu 3 (gl + 1w m]}
=1

q=1

N

(4) The flux of }_I::n leaving CE4(j,%,n) through AFGB is

2 n—1/2
_ 2wh <um_u+ _ut >
3 m¢ ") i+1/3,k+1/3

(5) The flux of }_I::n leaving CEq(j,%,n) through ABB'A' is

n—1/2
20h [~ (et + Sy +
9 {Z <f7§%,l T 2f7?%,l> lw N 2“2 + uln Z < lcq ;—C fi u;—n>

=1 g=1 j+1/3,k+1/3

(6) The flux of }_I::n leaving CEq(j,%k,n) through AA'F'F is

: 4 n—1/2
21;h{2<2f4 —I-f > uz-l—uZ—Zujn—Z(fg;‘ :II-C_|_fn+ +>]}

=1 g=1 j+1/3,k+1/3

7) The flux of h* leaving CE, j,k,n) through G'B'C'D' is
m g g

n

b

U, 2umC + umn>],k
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(8) The flux of }_I::n leaving CE;(j,%,n) through G'GBB' is
2wh | ¢+ n+ + + : Fétot
9 Z<2fm,l+fm,l> ul_ulC+2uln+Z< l,q qc
£=1 g=1
(9) The flux of }_I::n leaving CE;(j,%,n) through G'D' DG is
2wh [ ¢+ _ et Fétyt
9 Z(fm,z_fm,4> we— g “4n+2< fa ¢ T
=1 g=1

(10) The flux of }_I::n leaving CE;(j,%,n) through CBGD is

2wh n—1/2
_cwh <um +2ut, - uf, >
3 m ") j—2/3,k+1/3

(11) The flux of }_I::n leaving CE;(j,%,n) through CDD'C' is

—215h {24: <2f7§:,rz + f;&)

q_

(12) The flux of }_I::n leaving CE;(7,%k,n) through CC'B'B is

2uh {z (15, 155)

=1

4

g=1

(13) The flux of }_I::n leaving CE;3(j,k,n) through G'D'E'F' is

2wh n
+ +
3 <um t e 2um”>j,k

(14) The flux of }_I::n leaving CE;(j,k,n) through G'GDD' is
2wh [ n+ el (o, +
9 Z(fm,z_fm,4> we =g — “4n+2< Fegtac t
£=1 g=1
(15) The flux of }_I::n leaving CE;(j,k,n) through G'F'FG is

Zuk {Z (£, +217%)

=1

+ 4
g+ 2uf — “4n+2<2q Uge T

g=1
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+ +
et — o, Z(ffq w1 £l a?)]}

n—1/2
+ Fétyt + +
W—I_ulc—l_uln Z( fg Ugc T fe qn)]}

Zol

j—2/3,k+1/3

j—2/3,k+1/3



(16) The flux of }_I::n leaving CE;(j,k,n) through EDGF is

2wh n—1/2
_awh <“m—u+g+2u; >
3 m ) j+1/3,k—2/3

1 e flux of A* leavin 3(7,k,n) throu is
(17) The fl fhr 1 g CE3(j,k,n) through EFF'E'

Zuk {Z (£, - 12)

=1

4 n—1/2
+ C—i— ut n—i— +
UL Uge T uln Z < fg Ugc T uqn)] }

g=1 j+1/3,k—2/3

(18) The flux of }_I::n leaving CE;5(7,%k,n) through EE'D'D is

\ n—1/2
2";h{z<f +2f,?§) lw—%?ﬁﬁn—Z(fﬁ o T FTgu w]}

= g=1 j+1/3,k—2/3

Consider Fig. 11(a). The results of flux evaluation involving the quadrilaterals that
form the boundaries of CE,(j,k,n), » = 1,2,3, and (j,k,n) € Q2, are given here:

(19) The flux of }_I::n leaving CE4(7,%k,n) through G'C'D'E' is

2wh n
“wh <um —ut . —ul >
3 m¢ )k

(20) The flux of }_I::n leaving CEq(3,k,n) through G'GCC' is

2wh 4 + + : + + i
P (082722 -2 vt 35 (i + )
9=1

=1 Ik

(21) The flux of }_I::n leaving CE4(7,%k,n) through G'E'EG is

S e )

=1

1 n
+ + Fotyt + o+
e g — 2uy, Z(lq Uge T zquqn>]}

g ik

(22) The flux of }_I::n leaving CE4(j,k,n) through DCGE is

B 2wh

n—1/2
3 <“m+“ C+“¢m>

j—1/3,k—1/3
(23) The flux of }_I::n leaving CE4(7,%,n) through DEE'D' is
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n—1/2
+ +
W‘|’2“zc uln E <ch ;_C f] u+>]}

g=1 j—1/3,k—1/3

=1

2wh{z<fc Y >

(24) The flux of }_I::n leaving CE4(j,%,n) through DD'C'C is

. 4

=1 g=1

n—1/2

j—1/3,k—1/3
25 e flux of h*, leavin 2(7,k,n) throu is
The fl f R 1 g CE2(7,k hrough G'E'F' A’

2wh n
+ +
T <’Ll,m + 2'U/mc - umn> K

(26) The flux of }_I::n leaving CE;(j,%k,n) through G'GEE' is

2wh [ + + - + + "
2 (orsto 3] oot + 3 (sl 1)

7=1 g,k

2 e flux of h* leavin 2(7,k,n) throu is
7) The fl fhr 1 g CE2(7,k hrough G'A'AG

(S5 e ) ot ot S 0] |

£=1 g=1

(28) The flux of }_I::n leaving CE3(j,k,n) through FEGA is

e L)

_ +
Um = A F Uy j+2/3,k—1/3

29) The flux of h*, leaving CE, J,k,n) through FAA'F' is
m g g
n—1/2
2wh [ ¢+ 7+ + - Fétyt oty t
9 Z<2fm,z‘|’fm,z> ul_uzc+2uln Z(lq Uge T lqu >
=1 g=1 j+2/3,k—1/3
30) The flux of h* leavin CE2(j,k,n) through FF'E'FE is
(30) ™ g CE:(j, %, g
n—1/2
2wh [ ¢+ 7+ Forut 4yt
9 ) <fm,z B fm,4> we—ufe —uf =) < fg Ugc T uqn)
=1 g=1 j+2/3,k—1/3
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31 e flux of h*, leavin 3(7,k,n) throu is
The fl f R 1 g CE3(7,k hrough G'A'B'C"

2wh 5 n
—3 <u —umc—l— umn)

Ik

(32) The flux of }_I::n leaving CE;(j,k,n) through G'GAA' is
2wh Z(f fn—|—> Tul 4wt 24:<C++ n+ +> "
9 me ) |UET Mo T Uy Figuge T fiqu
=1 ik
(33) The flux of }_I::n leaving CE;(7,k,n) through G'C'CG is

2wh [ + + - + + "
g {Z (fi,l+2f;,l> l“l_2“7c+“ Z(fq Uge + ﬂ“&?)

=1 9=1 gk

(34) The flux of }_I::n leaving CE;(j,%k,n) through BAGC is

2wh n—1/2
_cwh <um b, - 2u, >
3 m ") i-1/3,k+2/3

(35) The flux of }_I::n leaving CE;3(7,k,n) through BCC'B' is

b 4 n—1/2
21; {Z <f3jz —fﬁf,l> l"” — e —uy - Z < ﬁ Uge + n+“;n>] }

=1 g=1 —1/3,k+2/3

(36) The flux of }_I::n leaving CE;(j,%k,n) through BB'A'A is

n—1/2
o+ g+
we o+ 2uye —ug, - Z(M uge + g ug >]}

g=1 j—1/3,k+2/3

21;h {24: <f7§:,rz + 2f2;,rz>

=1

With the aid of Egs. (6.33)—(6.50) and (4.49a)—(4.50c), Eq (6.51) is the result of
(1)—(36) and Eq. (6.28). QED.
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Appendix D. Supplementary Notes

D.1. A Discussion of Eq. (4.75)

Here we shall prove an assertion made in Sec. 7 about the 2D a scheme, i.e., the
backward characteristic projection of a mesh point (j,%k,n) € Q at the (n — 1)th time level
is in the interior of the numerical domain of dependence of the same mesh point if and
only if Eq. (4.75) is satisfied (see Fig. 22). For simplicity, hereafter the above mesh point
will be referred to as point O (not shown). In Fig. 22, the spatial projection of point O
at the (n — 1)th time level is represented by point O'; while the backward characteristic
projection of point O at the (n — 1)th time level is represented by point P. Without any
loss of generality, we shall assume that j = k£ = 0. Thus (i)

(=n=0, and t = nat (D.1)

for point O, and (ii)
(=n=0, and t=(n—1)at (D.2)

for point O'.

To simplify the discussion, Eq. (4.1) is converted to an equivalent form in which ¢, 7,
and ¢ are the independent variables, i.e.,

Oou Oou Oou

Here a; and a, are defined in Eq. (4.22). The characteristics of Eq. (D.3) are the family
of straight lines defined by

¢ =act+ e, and n = ayt+c; (D.4)

where ¢; and c; are constant along a characteristic, and vary from one characteristic to
another. Because points O and P share the same characteristic line, Egs. (D.1) and (D.4)
imply that

¢ = —a¢at, n = —ayAt, and t=(n—1)at (D.5)

for point P. Note that the temporal coordinate, i.e., t = (n — 1)at, of points O' and P are
suppressed in Fig. 22.

According to the definition given in Sec. 7, the numerical domain of dependence of
point O at the (n — 1)th time level is the hexagon depicted in Fig. 22. Here the term
‘hexagon’ refers to both the boundary and the interior. The coordinates ({,7) of the
vertices A, B, C, D, E, and F are given in the same figure. The six edges of the hexagon
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and their equations on the (-1 plane are

AB C"" + 77"" =1
DE : t 49t =-1
BC: nt =1
. (D.6)
EF: nt =-1
CD: (t=-1
FA: (t=1
Here the normalized coordinates (™ and 5" are defined by
def def
(" =¢/a¢, and  nT=q/an (D.7)

As a result of Eq. (D.6), a point ({,n) is in the interior of the hexagon ABCDEF if and
only if
CF+ntl <1, Ipf[<1, and |¢T]<1 (D.8)

Equations (D.5), (D.7) and (D.8) coupled with Eqs. (4.27) imply point P is in the interior
of the hexagon ABCDEF if and only if Eq. (4.75) is satisfied. QED.

D.2. The Local Euler CFL Number

The definition of the local Euler C'F'L number at the point O (the same point defined
in Sec. D.1) is given here.

To proceed, consider Fig. 23. In this figure, point O’ and the hexagon ABCDEF are
also those defined in Sec. D.1. Let u, v and ¢ be the z-velocity, the y-velocity and the
sonic speed at point O, respectively. Let €, and €, be the unit vectors in the z- and the
y- directions, respectively. Let ¢ denote the velocity vector at point O, i.e.,

7 ue, + e, (D.9)

Let the point P depicted in Fig. 23 be at the (n — 1)th time level with its spatial position
defined by

—
O'P = —gat (D.10)

Point P is the center of the circle depicted in Fig. 23. This circle lies at the (n — 1)th time
level and has a radius of cat. Furthermore, it is the intersection of (i) the Mach cone [62,
p.425] with point O being its vertex, and (ii) the plane with ¢ = (n — 1)at. For the Euler
equations Eq. (6.10), and in the limit of At — 0, this circle is the domain of dependence
of point O at the (n — 1)th time level. Here a circle refers to both its circumference and
interior. The local Euler C F'L number v, at point O will be defined such that v, < 1 if
and only if the domain of dependence of the Euler equations (i.e., the circle) lies in the
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interior of the numerical domain of dependence (i.e., the hexagon ABCDEF). In other
words, v, < 1 if and only if the normalized coordinates ((*,n") of every point on the
circumference of the circle satisfy Eq. (D.8).

As a preliminary, let (i) 0C denote the set of the points on the circumference of the
circle defined above, and (ii) S. denote the set of the unit vectors on the z-y plane. Then,
for any point R € 9C (see Fig. 23), there exists an € € S, such that

—
PR = caté (D.11)
Combining Eqgs. (D.10) and (D.11), one has

—

O'R = (c& — Q)at (D.12)

To proceed further, note that Eqgs. (4.18), (4.20) and (D.7) imply that

1 w+b

and . ;
+ _ = — w — —
VnT = . (ex + e €y) (D.14)

Let (i) ¢T(0'), (*(P) and (T(R) denote the values of (* at points O', P and R, respec-
tively, and (ii) n7(0'), n*(P) and n*(R) denote the values of n* at points O', P and
R, respectively. Then, because {(*(0O') = n*(0') = 0 and the gradient vectors given in
Egs. (D.13) and (D.14) are constant, Egs. (D.10) and (D.12)-(D.14) imply that

CH(P) = —atq- V¢t = 2 - Uy (D.15)
nt(P)=—atq-Vn© = —;: (u w}: o) (D.16)
(F(R) = at(c€—q)- V(T = (F(P) 4 cate- V(Y (D.17)
1" (R) = at(c€—q)- V" =T (P) +cate- Vyt (D.18)
and
(T(R)+ T (R) =(H(P)+nT(P) + cate- V(¢CH +n7T) (D.19)

Note that point R is a function of € € S.. In the following, we shall evaluate the
maxima and minima of (*(R), n*(R) and ((T(R)+n"(R)) over the range S.. To proceed,
let

v (=g V¢ V) at (D.20)
v (—g- Vit 4 o[ Vnt)) at (D.21)
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VB E g V(¢ 4t £ V(¢ + 1)) at (D.22)
and + + + Lt
_)1 déf 7VC 5 _)2 déf VT] 5 and _)3 déf —V(C —I_ 77 ) (D23)
V¢ IVt NMGET D]

With the aid of Egs. (D.13)-(D.16), (4.14) and (4.15), Egs. (D.20)—(D.22) imply that

@ _ At B e cAtAY
AV = 2 [k (4 b F ean] = ¢*(P) £ S0 (D24)
V2 = = 2 fhu g (w - b F ea] = nt(P) £ SO0 (D.25)
+ 2wh 2wh -
and
S _ At [2hu — 2bv F cat] = (T(P) + 77 (P) + catar (D.26)
2wh 2wh
where A, an and
o /b2 4 p2 (D.27)

respectively, are the lengths of the three sides DF, BD, and FB of the triangle ABDF
depicted in Figs. 12(a)—(c). Furthermore, as a result of Eq. (D.23), (i) €; is normal to
any straight line along which (T is a constant, (ii) €, is normal to any straight line along
which 7 is a constant, and (iii) €3 is normal to any straight line along which {* + n*
is a constant. It follows from the above observations and Eq. (D.6) that €1, €; and e,

— — —
respectively, point in the directions of O'I, O'J and O'K (see Fig. 23).

With the aid of Egs. (D.20)-(D.23), it is easy to conclude from Egs. (D.17)—(D.19)
that:

(a) Forall €€ S,
D > ¢t (R) > v (D.28)

with the understanding that the upper bound 1/5_1) and the lower bound 1/(_1), respec-
tively, are attained when € = €; and € = —ej.

(b) For all €€ S,
B > pt(R) > P (D.29)

with the understanding that the upper bound 1/5_2) and the lower bound 1/(_2), respec-
tively, are attained when € = €3 and € = —é5.

(c) Forall €€ S,
vV > CH(R) + 07 (R) 2 v (D-30)

with the understanding that the upper bound V_(|_3) and the lower bound 1/(3), respec-

tively, are attained when € = €3 and € = —ej3.
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Let
vO = max{p{?], b9},  £=1,2,3 (D.31)

Then Egs. (D.24)-(D.26) imply that

t
S 227 [|hu — (w + b)v| + can] (D.32)
v® = A b (w0 — b)o] + ead] (D.33)
- 2wh ‘
and ;
L(3) = ;7 2|hu — bv| + car] (D.34)
w

Let v, the local Euler C' FL number at point O, be defined by
ve &t max{r,(? )} (D.35)

Then the conclusions given in (a)—(c) coupled with Eq. (D.8) imply that the circle depicted
in Fig. 23 lies entirely in the interior of the hexagon ABCDEPF (i.e., the analytical domain
of dependence of point O lies within its numerical domain of dependence) if and only if

ve < 1 (D.36)
The mesh with b = 0 is used in [3]. For this special case, we have

Al =Aan=+w2+h?, and ar=2h if b=0 (D.37)

As a result, Egs. (D.32)—(D.35) imply that

{(c—l—l;uDAt [h|u|—|—w|v|-|—\/mc]} if 5=0 (D.38)

At
" 2wh

Ve = max

Note that the second component within the parentheses in Eq. (D.38) is a simplified form
of the expression given on the extreme right side of Eq. (D.8) in [9]. As a result, v, given

in Eq. (D.38) is identical to that given in Eq. (D.9) in [9].
D.3. An Existence Theorem

Here we shall prove the following theorem.
Theorem. At any mesh point (5,k,n) € Q, existence of

—1 —1
=] and S]], e=1,23
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is assured if the local C F'L number
ve < 2/3 (D.39)

Proof: As a preliminary, we shall discuss the eigenvalues of the matrix

M (kg ky) = ky F® + ky FY (D.40)

Here (i) k, and k, are arbitrary real numbers, and (ii) F* and F¥ are the matrices formed
by f* , and f’ , (see Eq. (6.13)), m,{ = 1,2,3,4, respectively. By using (i) Eqgs. (1.1),
(1.2), ,(2.1) and (4.1)—(4.3) in [63], and (ii) the fact that two similar matrices have the
same eigenvalues, counting multiplicity [54, p.45], one concludes that the eigenvalues of

M(kg,ky) are Ao, Ao, A4 and A_ with

Mo ¥ kpuotkyv (D.41)

Ar X ey k2 + k2 (D.42)

Note that it is assumed here that the flow variables are evaluated at the mesh point (7, %k,n)
(i.e., the point O referred to earlier in this appendix).

and

Because F¢T and F7, respectively, are the matrices formed by fgj,_z and fl—;, m,l =
1,2,3,4, Egs. (6.29), (6.31) and (4.20) imply that
3at w+b
pét = 22 [ e FY D.43
4w ( h ) ( )
3at w—>b
Ft =" (F*+ — —FY D.44
4w ( + h ) ( )
and
3at b
Ft 4 Frt = """ F*— _FV D.45
+ 2w ( h ) ( )

With the aid of Egs. (4.14), (4.15), (D.27), (D.40)—(D.45), one arrives at the following
conclusions:

(a) The eigenvalues of F¢t are )\81), )\81), )\E:) and Y where

def 3At w+b
AlD 4 o (u— . v) (D.46)
and Sent
AL def 4 (1) SCALAT D4
+ 0 :F 4:’th ( 7)
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(b) The eigenvalues of F7* are )\82), )\82), )\3_2) and A\® where

of 3at b
A(2) def ?ﬁv (u + v . v) (D.48)

and 3eata
def CATA
AR et \(2) Toh (D.49)

¢) The eigenvalues of (F¢t + F71) are )\(1) + )\(2), )\(1) + )\(2), )\(3) and )\(_3) where
g 0 0 0 0 +

def deatar
AQ LA B Coh (D.50)
Let (i) A1, A2, ..., Ap be the eigenvalues of any n X n matrix A4, and (ii) I be the

n X n identity matrix. Then the eigenvalues of the matrix I — 4 are 1 — Ay, 1 — Ay, ...,
1 — A,. As a result, Eqgs. (6.33), (6.36), (6.39), (6.42), (6.45) and (6.48) coupled with the
above results (a)—(c) imply that:
(d) The eigenvalues of E%H are 1 — )\81) — )\82), 1-— )\81) — )\82), 1-— )\E:’) and 1 — A®) while
the eigenvalues of Eﬁ)—i_ are 1 + )\81) + )\82), 1+ )\81) + )\82), 1+ )\E:’) and 1+ )\(_3).
e e elgenvalues o are 1+ , 1+ , 1+ an + A7, while the eigenvalues
The eigenvalues of {1 are 1+A{, 142", 142 and 141 while the eigenval
of Eg)—i_ are 1 — )\81), 1-— )\81), 1-— )\E:) and 1 — AW,
e elgenvalues o are 1+ + + an + A7, while the eigenvalues
(f) The eigenvalues of (3" are 1+A{%, 14A{, 1421 and 1+2®), while the eigenval
of 2221)—'_ are 1 — )\82), 1-— )\82), 1-— )\3_2) and 1 — \®),
Note that the matrices referred to in (d)—(f) are nonsingular, and therefore their inverses

exist, if the eigenvalues of these matrices are nonzero [54, p.14]. To complete the proof,
we need only to show that these eigenvalues are nonzero if v, < 2/3.

To proceed, note that, because ¢ > 0, it follows from Egs. (D.24)—(D.26) that

1/5_1) > (H(P) > T and 1/5_2) >nt(P) > 2 (D.51)
and
U3 > ¢H(P) +t(P) > v (D.52)

With the aid of Egs. (D.31), (D.35), (D.51) and (D.52), Eq. (D.39), which is equivalent to
(3/2)ve < 1, implies that
3

§|y§f)| <1, €=1,2,3 (D.53)

and

P <1, SR <1, and D [CH(P) £nt(P) <1 (D.54)
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Next note that Egs. (D.15), (D.16), (D.24)—~(D.26) and Egs. (D.46)-(D.50) imply that

AO = _2 SO, 1=1,2,3 (D.55)
and
3 3 3
MY = =2 ¢HP), XY == (P), and AV 4+ = —(CH(P) +0t(P)) (D.56)

It now follows from Egs. (D.53)—(D.56) that each one of the eigenvalues listed in (d)—(f)
has the form of 1 + # with |z| < 1 if v < 2/3. Thus these eigenvalues are all positive if
ve < 2/3. QED.
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Figure 1. — The CE/SE solution of the extended Sod’s problem
using the boundary conditions Eqs. (2.66) and (2.67)
(At =0.004, Az = 0.01, CFL~ 0.88, e = 0.5, a = 1)
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Figure 2. — The CE/SE solution of the extended Sod’s problem
using the boundary condition Eq. (2.68)

(Al = 0.004, Az = 0.01, CFLA~ 0.88, ¢ = 0.5, a = 1)
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Figure 3. — A surface element on the boundary S(V) of an
arbitrary space-timeregion V.
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Figure 4. — The SEs and CEs. (a) The staggered space-time mesh. (b) SE(j,n).
(c) Alternative SE(j,n). (d) CE-(j,n). (€) CE+(j,n). (f) CE(j,n).
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(©)

Figure 6. — (a) The CEs associated with G’. (b) The CEs associated with C”". (¢) Therelative
positions of the CEs of successive time steps.
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Figure 8. — The spatial mesh indices (j, k) of the mesh points € 21
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Figure 9. — The spatial mesh indices (], k) of the mesh points € 2>

0, +1, +2, --).

(n
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CE4 (j, k, n) = box GFABG'FA'B’ SE (j, k, n) = the union of four

CE> (j, k, n) = box GBCDG'B'C'D’ planes AB'C'D'E'F, GBB"G",

CE3 (j, k, n) = box GDEFG'D'E'F GDD”G”, and GGF’F and their
immediate neighborhoods.

G =,k n)€ Qq,

A | 1 a1 2 P 2 1
A=(j+=,k+= =(j-=,k+= =(j-&%,k+=
@ 3 3,n), B = 3,k 3,n), C=( 3 3,n),
s 1 1 a1 2 g, 2 1
D=(j-=,k-=,n), EE=(+=,k-=,n, F=(+=,k-=,n
@ 3 3 ) (i 3 3 ) (i 3 3 )

Figure 10. — (@) Conservation elements CEy (], k, n), r =1, 2, 3, for any (j, k, n)
€ Q1. (b) Solution element SE (j, k, n) for any (j, k, n) € Q1.
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CE4 (j, k, n) = box GCDEG'C'D'E’

k
CEo> (j, k, n) = box GEFAG'E'F A’
k

CE3 (j, k, n) = box GABCG'A'B'C’

(b)

SE (j, k, n) = the union of four
planes AB'CD'EF, GG'A"A,
GCC”G”, and GG"E"E and their
immediate neighborhoods.

G =(, k n) € Qy,
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Figure 11. — (a) Conservation elements CEy (j, k, n), r =1, 2, 3, for any
(4, k, n) € Q. (b) Solution element SE (], k, n) for any

(, k, n) € Qo.
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Figure 12. — Geometry of the hexagon ABCDEF. (a) Relative positions of the vertices
intermsof (X, y). (b) Relative positions of the verticesin terms of (j, k).

(©

(c) Relative positions of the verticesin terms of (L, n).
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Figure 13. — (@) The mesh points (j, k, n), (j + /3, k + 1/3, n—1/2),
(—-2/3,k+13,n=-12)and (j + /3, k—2/3, n—-1/2)
that belong to 4. (b) The mesh points (j, k, n), (j —1/3,
k-—1/3,n-172),(+2/3, k—13,n-1/2),and (j —1/3,
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Figure 14. — The stability domain of the 2D a—scheme.
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Figure 15. — Construction of the 2D a-e and a-e—a—3 schemes. (a) (j, k, n) € 1. (b) (j, k, n) € Q».
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Figure 16. — Construction of the 2D Euler a-e and ae—a—3 schemes(m =1, 2, 3, 4).
@ (j, k, n) € Q1. (b) (j, k, n) € Qo.
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Figure 17. — The numerical domains of dependence associated with the 2D
CE/SE solvers. (a) (j, k, n) € 1. (b) (j, k, n) € Qo.
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Figure 18. — The stability domain of the 2D a—e scheme. (a) e = 0.1. (b) € =0.5. (c) € = 0.8.
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Xfe),r=1,2 3

Figure 19. — The functions Xr(e), r = 1, 2, 3.

Figure 20. — Spatial projection of part of a 3D space-time mesh,
showing the construction of a CE.
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Figure 21. — Concept of dua space-time meshes. (a) The dual space-time mesh.
(b) A rectangular space-time region shared by CE-(1/2,1/2) and
CE+(0,1/2).
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Figure 22. — The numerical and analytical domains of dependence
associated with the 2D a-scheme.
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Figure 23. — The numerical and analytical domains of dependence
associated with the 2D CE/SE Euler solvers.
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