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Summary

Material characterization parameters obtained from natu-
raly flawed specimens are necessary for reliability evalu-
ation of nondeterministic advanced ceramic structural
components. The least squares best fit method is applied to
the three parameter uniaxial Weibull model to obtain the
material parameters from experimental tests on volume or
surface flawed specimens subjected to pure tension, pure
bending, four point or three point loading. Several illustrative
example problems are provided.

I ntroduction

The objective of this report is to apply the least squares
best fit (LSBF) method to evaluate the parameters used in the
uniaxial Weibull three parameter model. These parameters,
scale factor ,, Weibull modulus m, and threshold (location)
parameter g, are material dependent. Weibull two or three
parameter models are used to specify a probabilistic distribu-
tion for monalithic ceramic materials. The success in the use
of the two parameter model rather than the three parameter
model depends on the importance of ignoring the threshold
(location) parameter. Disregarding the threshold parameter is
conservative and simplifies matters. This simplification can
be justified only by comparing the predicted behavior of a
component with its observed performance.

Equations are developed to obtain the three material
parameters from inert volume or surface flawed data. Inert
data imply fast fracture (no subcritical crack growth). The
inert data are obtained from experimental tests on specimens
subjected to either pure tension, pure bending, and four or
three point loading (fig. 1). Ideally the data are obtained
under conditions representative of the service environment.

Several applications are presented in the section entitled
EXPERIMENTAL APPLICATIONS. Experimental data are
analyzed for volume flaw failure of silicon nitride (SNW-
1000) specimens tested in four point bending (ref. 1). In
addition, analysis is made of surface flaw failure data of
silicon carbide specimens, annealed in both the longitudinal
and transverse direction and tested in three point bending
(Private communication from Sung Choi and Jonathan
Salem, NASA Lewis Research Center). The four point bend
volume flaw data are also used for a four point bend surface
flaw analysis to illustrate the application of the developed

equations. It is realized that these data are not representative
of the physical problem.

Symbols

A tensile surface area

b specimen thickness

L beam length

m Weibull modulus (shape parameter)

n number of inert data points

Ps probability of failure

\Y volumein tension

W specimen depth

X,Y,Z Cartesian coordinates

81j,02j,03j lower limit of integral for jth specimen
ofi(x,y,2)  stressdistribution in the specimen | at fracture
Off e maximum principal stressin specimenj at

fracture

computed maximum principal stressin speci-
men j based on Pyj and assumed material

ij max,comp

parameters
Oo scale parameter
Oy threshold stress (location parameter)
Og characteristic strength
Subscripts
assumed assumed
comp computed



previous assumed previous value of assumed
i specimen designation

T tensile

% volume

s surface

Analysis Based on Three Parameter
Uniaxial Weibull M odel

The three parameter uniaxial Weibull model is used to
describe the material inert strength probabilistic distribution.
For both volume and surface flawed specimens, least squares
best fit (LSBF) methods are developed to obtain the three
material parameters from experimental tests on pure tension,
pure bending, and four or three point loaded specimens. The
necessary and sufficient condition for a solution is satisfied
when the three computed parameters produce the lowest

value of the sum of the residuals squared, that is, when
n

2
Z (ofj macomp ~ fimax ) = minimum, where n is the number
=

of specimenstested. The (Pfj VO ) data points are obtained

from the experimental testswhere Py = (j —0.3)/(n + 0.4).
Py andOy;j  are, respectively, the probability of failure and
maximum principal tensile stress in the jth specimen at fail-
ure. Ofj . comp is the computed maximum failure stress based
on the value of Pyj and the computed inert strength material
parameters.

Pure Tension (Fig. 1(a)), Volume Flaws
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where Vjis the volume in tension of the jth specimen with a
stress distribution throughout the volume denoted by
oj(x,y,2), oyy isthethreshold stress, o, is the scale factor,
and m, is the Weibull modulus. For this case ofj(x,y,z) =
Ofj,.. @nd the tensile gage volume of specimen j is Vrj =
LobjWj. Hence
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The following system of n linear equations is solved in a
L SBF sense:
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In matrix notation {Y} = [A] {X}, where the jth term in the

_p\tO
column vector {Y} is y; =Inan(1—Pﬂ)Band vector
B

0 v
T
B J
a  my 0 . _
{X}=0 0 The equation that must be satisfied to
omylnog g

obtain the LSBF solution is
0 =[aTA] AT} @

where superscript T defines the transpose.

The answer is obtained in the following manner: Assume a
value for oy, and solve for m, and oq,. With these values,
compute the model failure stresses Oy maxcomp & al of the (n)
Pyj data points, where

ij max.comp

Evaluate the sum of the squares of the residuas, where

n 2
Sum = (ij —r max) (6)
=

Repeat the process for another value of g,,. Compute the

new sum of the squares of the residuals (eq. (6)). Continue
until the parameters (my,0qy,0,,) produce the minimum

value of the sum of the residual's squared.



Pure Tension (Fig. 1(a)), Surface Flaws
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For pure tension, ofj(x,y,z) = Oyj ., and the area in tension
is Atj = 2 Ly(W;j + bj) where L, is the gage length, W is the
width, and b is the thickness. Hence,

_p. )0
|naME: mg In(crfjmaX - oos) -mginog  (8)

B

Equation (8) isthe basis of a LSBF evaluation of the Weibull
parameters. From the inert data, a set of n linear equations is
obtained. In matrix notation {Y} = [A] {X} where the jth
term of the column vector {Y} isIn [In (1 - Pg)-Y/A7j] and
.o mg 0O . .

vector {X} is 0 The matrix [A] is the same as
TMsINoes
that in equation (3), except that the subscript v is replaced by
s. The solution is obtained by the same method as that for the
volume flaw solution. Assume 0,5, and solve for mg and Oys.

With these values, compute the failure stresses, Ot o comp

for all n specimens. The computed failure stress for the jth
specimenis

RYTS 9

ij max,comp

Evaluate equation (6), the sum of the residuals squared.
Continue the process for another value of ¢, Compute the
sum of the residuals squared. Continue until the parameters
(Mg, 0gs,0yg) Produce the minimum value of the sum by
equation (6).

Pure Bending (Fig. 1(b)), Volume Flaws

Substituting the expressions dV = Lob; dy and oy (X,Y,2)
=2 Oy, . Y/W; into equation (1) resultsin

0 w; 0
2 v O
1_ ! og,,y_ O 5
(1_Pfj) =exp ovH bJLZJ-%T_O-UVD dyD
&y ! 0
g 8
+m, O
_ %] 1 d™ V7 (ofj . uv) 0
= exp (10)
?E 1+m o O
ov \Y fj max a

where 61] = GUVWj/(ZUfijX) and VTJ' = Lzbjo/Z. The
following expression is derived from equation (10):

N

vy ot inog, . =(1+ m\,)ln(crfjmax —O'UV)
B B
U 1 |
+In 0 @

1+m,)ooy B

The jth term of the column vector {Y} isIn [In (1 — Pg)-Y/

(1+ mv) H

V1] + In O and the vector { X} is -1
Tj] ] max { } En[(1+mv)083," E

The matrix [A] is the same as in equation (3). Assume G,

and from equation (11), solve the system of n linear
equations in a LSBF sense, where j varies from 1 to n. In
matrix notation, {Y} = [A] {X}, and the solution to this set
of eguations is obtained from equation (4). The final solution
is the set of parameters associated with the minimum sum of
the squares of the residuals defined by equation (6). They are
obtained by the following procedure. Assume o, and solve

for m, and og,. With these values compute the predicted
failure stresses Ofj at al (n) Pfj data points. A simple
method is to assume O fj e assumed” and solve for

Ot e comp

where
1
_1 D_
— %ﬂ max,assumed O-g\llv (l+ mv) In(l_ Pf]) | T

ij max,comp - D VT. D + OUV

| : g

(12)
The next assumed value is oy =05 [ofj
max,assumed max,comp

. Repeat this process until o is

G .
fj max, previous assumed

within some specified tolerance of of __ . .. Then

compute the sum of the residuals squared by means of
equation (6). Repeat all of the previous steps until the
minimum value of the sum of the residuals squared is
obtained. The parameters (my,0gy,0yy) associated with this

minimum are the solution.
Pure Bending (Fig. 1(b)), Surface Flaws

From equation (1)
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where Atj is the tensile surface area of specimen j.
Therefore, considering both the side and bottom surfaces of
the specimen yields

2 Lo
"0 2
il 1 d"
(1 Pfj =exp EELZI o(X,y,2) 0us)
0
@os H 8,
H
-
x dy +bjL (ij 0us % (14)
where
2yay o
ij(X,y, 2) :% and 1j = ZO—UfS—J
J ]max
Thus
n(1- P ] 0 b 0
Iné%g—ln%l—&m+wj(l+ mg)0
A 2V ! fimax U J H
= msln(ofjmax —ous) In[o s(1+ ms)] (15)

Solve in a LSBF sense the set of linear equations obtained by
means of equation (15) and denoted in matrix form by
{Y} =[A] {X}. The jth term of the column vector {Y} isIn
[In(1- Pfj)—ll(Lsz)] —In[(1-o0ud O max) + (1 + mgbj/Wj

mg

and the vector {X} 'S%In[ oMs 1+ M

][4 The LSBF param-

eters are obtained in the following way: Assume o5 and

keep this value fixed. To evaluate the vector { Y}, assume a
value for mg(ms assumed) based on the two parameter

solution. Evaluate the column vector { Y} and the matrix [A].
Solve for the vector {X} by equation (4). Compare the
computed value of the Weibull modulus mg comp With

Ms assumed- REPeat this process until both values, Mg comp and
Ms assumeds are within some specified tolerance. With these
parameters (ms,0ps Oys) and Pyj, compute the n values of

Ofj where
max,comp
1
O Chn,
O 4 O
0 (L+mg)1-py) 0
O'fj =0ps O o+ Oys
max,comp 0 O O' 0 O
oW~ O+b;L; O
E O 9y max,assumed ] E
(16)

Assumeavaueforay -, anditerate until oy

max,comp

within some specified tolerance of oy Obtain the

assumed ”
sum of the residuals squared by equation (6). Repeat the
process. The parameters that produce the minimum value of
the sum of the residuals squared are the solution.

Four Point Bend Specimen Fig. 1(c)), Volume Flaws

Substituting the inner span and outer span stress distribu-
tions oy (x,y,2) = 207 Y/Wjand Of _ (Xy,z) =
40y . Xyl(L1W;)) into equation (1) resultsin

Lb;W; Doy, Ijﬂv D2y

0
oL

Pj=1-ex
IOS—z(umv) Oy
.

L1 0 ijmax 0

J
il
way+ 2 Ow - %(ﬂ)

where 8 = o W;/(207,__ ). From equation (17) we obtain

0 0
_p. L2 +tm
||‘]SMS—“’]D 1D2y - OUV D1 vdy
o LWiby 5 0 yaw, g 0
g 2 g @1‘
O
O D1+m"[j
+3E1 w o = my Ingy —In[ogI,V(1+ mv)]
Lig 04,0 H

(18)

Solve the set of linear equations obtained by equation (18),
denoted in matrix form by {Y} = [A] {X}. For constant
values L1 and L, the jthterm of column vector {Y} is

10 Bﬁ
+mV
Inljn(l Pfj) El'_m 21D2y_ Ouv 0 dy+ﬁ
LaWib; %[VDWJ' O} U Ly
D 2 E Elj
a
+m, [
0 g, 0™
- — U ]
U fimex U O
E



The jth row of matrix [A] is [Incfjmax 1.0] and {X} =

m
%. Assume a value for the threshold

= v

%—In[oé?,v (1+m,) g
stress oy, and an appropriate value for the Weibull modulus
My assumed (D@sed on the two parameter solution). Evaluate
column vector { Y} and matrix [A]. Solve for solution vector
{X} by equation (4). With g, fixed, solve for My, comp-
Iterate until my, comp IS Within a given tolerance of My assumed-

To compute the sum of the squares of the residuals by
equation (6), we obtaincfjmaxyComp from the following

Three Point Bend (Fig. 1(d)), Volume Flaws

Substituting Oy (X,y,2) = 405 /(L1 Wj) into equation
(2) results in

inf1-y)” l:zbjIJD‘—B dxdy  (21)

where &y :UUVWj/(Zij )and &y = L1Wjou\,/(40fj y).

equation: With V1j = L1bjWj/2, integration of equation (21) resultsin
1
O Chny
O 0
0 . 0
of _ S (e Jnf-ry) 0 (19
fjmax,comp V_ﬁmv SNJ-IZ 0 |]1+m\, [I D1+mv 0
O 12y Ouv N a
] S I
B3y YN i max assumed i max,assumed =
Assume avalueofoy . and iterate until o comp is .
! J
within some specified tolerance of oy . Evaluate the -1g O +my [
P ] mex, assumed an(l Pfj) 0 DZ 1 DZy O 0
sum of the residuals squared by equation (6). Repeat the 1N v 0 'ng yBwv “o; B dy
process. The parameters that produce the minimum value of g T g Dy J fimax O
the sum of the residuals squared are the solution. B
If all failures occur within the inner span and the tensile =m,Ingg - In[(1+ m )O.mv]
stress distribution outside the inner span is neglected VT max v/mov
(L1=0.0), equation (17) becomes the pure bend solution, that (22)

is,

+m,
Ay =1- expD- LobyW; Doy ﬂnVEl_ Ow Dl S
52(1+mv) cj0vE O ijmax[l B
Therefore,
O
Eln(l Ri) O
InEIWDHnofJ =(1+ mv)ln(ofjmax —ouv)
E 2 D

- In[(1+ mV)GQ,V] (20)

Equation (20) is the same as equation (11).

Equation (22) isthe limit case of equation (18) with L, = 0.0.
Solve the set of linear equations denoted in matrix notation
by {Y} =[A] {X} by the LSBF method (eg. (4)). The jth
value of column vector { Y} is

- DYy O
- O +m, [
a”(l_Pfi) O D2 1D2y Ouv Dl O
yi=Inm——"——In=[ = -—0 dy
J O v o d ) ) 0
Tj yowj  Ofj,, O
8 B DBy |
g =
: _a My B
and the vector is {X} = %In[ 1+m cr ]DTo obtain an
\ ov

initial value of my, let o, = 0 and solve for the uniaxial
Weibull two parameter distribution satisfying equation (4).
Starting with this computed value of my as my asgumed @d a
fixed value of oy, evaluate the integral (eg. (22)) in column
vector {Y}. The integral is evaluated numerically between



the lower limit &,j and upper limit W;/2. Obtain from solution
vector { X}, my comp- A solution is obtained when my, comp is
within some specified tolerance of my assyme¢ When this
does not occur, the next choice for my assymed IS 0.5 (My,comp
+ My previous assumed)- Iterate until My assumed is within some
specified tolerance of my comp. TO compute the sum of the
residuals squared by equation (6), we evaluate O e comp in
the following way: For the n data values (P, Oyj, . ) where
j=1,n assume Ofj e ™ Ofj, The lower integration
limitis &y = O'UVWj/(zo-fjmaxmeed)- With this limit, solve

for ij max,comp

-

O Chn,
O 0
0 0
10 -1 O
om0 (1+mv)|n(1—Pfj) 0
Ofjccomp — 00V VTj D% E
+m,
T
lej y D J O-fjmax,mlmed D H
(23

Assume anew val ueforcfj e acamed 0.5¢( o s prvious scumed

+ ). Repeat the process, integrating over the new

O i mea comp
limit &3j until the previous assumed value is within some
specified tolerance of the computed new value (o; macomp

). Compute the sum of the residuals squared by

ij max,assumed

equation (6). Repeat the process assuming a new value for
Ouy, and continue until the minimum sum of the residuals

squared by equation (6) is obtained. When this occurs, the
values of my, o, and oy, are the three material parameters.

Four Point Bend Specimen (Fig. 1(c)), Surface Flaws

Substitute into equation (7) the inner span side surface
uniaxial tensile stress distribution ofj (x,y,2) = 20y o AR

the bottom surface tensile stress distribution g(x,y,z) =
0y, and the outer span uniaxial tensile surface stress distri-
butions ofj(Xy,2) = 405 Xy/l(L1W)) and ofi(x,y,2) =
204, X/L1. Normalizing the area with respect to LW,
results in the following equation:

0 oW .
Py -kexp@rmﬂm 5“ L e -ig h
0 O 0os (1+ms)%1.YD i Ofj, O
: il
oy LWL D o 3™ 1+ meLab,
L,W; 0 Ofjm U L,W;
T
x%- Ous Sl (24)
O Ofje U

-
O 2 +Mg
|nan(1 Pfj) D_lnD lljzy _ O-US dy

JoLw O EJVDWJ gy

g g 1j max

+m
LW, +Lyb; El- oy O ©, (1 mg)Lab;
LiWj O Ofjp, O L1W,i
O
x - 2us Sg—m Ino —In[0m5(1+m)] (25)
5 oy E g s fj os s

Solve the set of linear equations obtained from equation (25)
(denoted by {Y} =[A] {X}, in matrix form) by the LSBF
method (eg. (4)). The jth value of column vector {Y} is

]
10 0O
_odl-R) e 510y o
yi =In _indf = -—% 5 dy
g ww g g yow, og,. O
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+ LZWJ + lej O _ Oys DHmS + (1+mS)L2bi

0
LiWi O Ofjpe O LW
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0 oy [1“5%

*d--—10 g

U 0-flmaxD H



and vector{ X} = g—ln[ ]DROW] of matrix [A]is  With &3 = oy Wj/(20%j _ )- Oy = Oys LjWj/(4 05 _ ), and

1+ms 83 = OysLj20%,, - Thus

[ofj .. 1.0]. Assume a value for the threshold stress o5 and
an appropriate value for the Weibull modulus, Mg assumed

i
-0 02 +m
(based on the two parameter solution). Evaluate column Inan(l_ Iij) 01,0 EDZy _ Oy af de+ﬂ
vector {Y} and matrix [A]. The vector {X} is evaluated by U L;W; 04 ypg Oy E W,
equation (4). With oy fixed, solve for mg comp When = éﬁli
Mg comp IS Within a given tolerance of Mg asgumed, @ solution
results. To compute the sum of the squares of the residuals by rms E
equation (6), the values of Ot} rexcoomp I obtained from the % 00. us_ O me Incfj _ In[(l + ms)oos ]
following equation: 0 fjmax U O
B
, = Jos 28
Ofimax,comp 1 (28)
L1Wj)ms
1
g O,
0 O
0 U
g I O
g 1+mg)In(1- Py 0
JE, SLOLEL) 0
02 o o*ms 0 s 0 s
DI 12y Ous dy + LoWj +Libj - Ous . (1+ mS)Lij _ Ous O
= YE™ fimax assumed L1Wj ] max,assumed L1V i max assumed g
(26)

i = ith
To determine .. the process is the same as that In matrix form { Y} = [A] {X} and the jth term of column

outlined for the four point bend, volume flawed specimen. vector {Y} is
Likewise, the evaluation of the material parameters is the
same as that outlined for the four point bend, volume flawed rm,
specimen. o Inan(l Pf]) 1DZy Oys 4
T, yiw oy, B
Three Point Bend Specimen (Fig. 1(d)), Surface Flaws | max
From equation (1) B
+m
b o
aw L +0 3 _ Ous 0 d
02 2 Wid oG, 0 7
101 d’”sDl D40fjmaxxy " max a
In(l—Pfj) = H O J' I T~ —g dxdy 8
0s U Ljo 1l
% 04 85 (y)

B . ,
and {X} = %In[o 1+ms ]DThesqutlon to this set of

L; 0
71 - s 0O linear equations denoted symbolically by {Y} =[A] {X} is
fimax _ solved by equation (4). Starting with o5 = 0.0, solve for m
+2b "% - dx= (27) y €q g us = s
Ja'[- O Lj usH B and the scale factor 0. Next, assume a value for oys. The
3 & integrand is a function of mg. Starting with an assumed value

of mg, iterate until Mg asgymed iS Within some specified limit of



Mscomp- Then evaluate the scale factor. To find the value of
O e comp associated with the probability of failure Py, and
computed material parameters (Mg,0osOyg), Satisfy the
following condition:

02 +Ms
O 1D2y Ouys D1

ij max,comp [ ; W B o-f. % dy
l:slj J J max,comp

+mg Limg
+ﬂ . - Ous ljl =
% 0
WJ O—fjmaxcomp 0
0
1
m]_+ mSD _1DT1$
= [Pos IN1-F4) O (29)

Assume values for ijmawimp and iterate until the left side is
equal to the right side constant. Compute the sum of the
residuals sgquared via equation (6). Repeat the process
assuming a new value for o5 and continue until the mini-
mum value of the sum of the residuals squared is obtained.
When this occurs, the parameters (mg,0ys,0os) are the
solution.

Three Parameter Specimen Uniaxial
Weibull Model

This report deals with material properties that are
independent of the component geometry. However, a simple
model is often used to obtain the inert strength probabilistic
distribution of agiven component (refs. 2 and 3). The charac-
teristic strength parameter og in this model is component
dependent and is not a material property. For completeness,
this model is briefly mentioned. This model equation for
volume flawsis formulated as

0oy - v

o =1- epl ima~Ow

fj 955709 H
\"

:
(30)
H

For surface flaws, subscript v is replaced by subscript s.
Since the characteristic strength is not a material property,
this model has its limitations. It is commonly used and is
mentioned for compl eteness.

Experimental Applications

The examples in this section make use of some of the
developed equations. Inert failure data are analyzed from the
following Modulus of Rupture (MOR) bar data:

(1) Four point bend room temperature failure data of
sintered silicon nitride, table | (ref. 1). All failures were due
to volume flaws and occurred within the inner span. These
data were also used for four point bend surface flaw analysis
to illustrate the application of the developed equations.

(2) Three point bend transverse annealed silicon carbide
data at 1300 °C, table Il (Private communication from Sung
Choi and Jonathan Salem, NASA Lewis Research Center).
All failures were caused by surface flaws.

(3) Three point bend longitudinal annealed silicon carbide
data at 1300 °C, table Il (Private communication from Sung
Choi and Jonathan Salem, NASA Lewis Research Center).
All failures were caused by surface flaws.

To develop confidence in the method developed in this
report, comparisons were made with the pure bend results
from reference 1. The eguations for the four point bend and
three point bend specimens were then developed and
programmed.

Sintered Silicon Nitride (Pure Bend Analysis, Volume
Flaws, Tablel)

Monolithic silicon nitride data (SNW-1000, GTE Wesco
Division, table I) obtained from reference 1 are used to com-
pare the results of various LSBF techniques. All of the data
in table | contain failures that occurred within the inner span.
In reference 1, pure bend loading (fig. 1(b)) was therefore
assumed applicable to these data. The three material parame-
ters were computed using Cooper’s method (ref. 4), a modi-
fied LSBF approach (ref. 5), and the method developed
herein. Table IV summarizes the results of the three tech-
niques used in the analysis of these data and the results
obtained herein of the two parameter model (o, = 0). Fig-

ure 2 isaplot of the data points and the cumulative Weibull
two parameter distribution curve. Figure 3 is a plot of the
data points and the cumulative three parameter Weibull
distribution curve.

Silicon Carbide (Three Point Bend Surface Flaws,
TablesIl and I11)

Table V summarizes the results obtained for the two and
three parameter uniaxial Weibull models. The cumulative
distribution curves for three point bend data (Private
communication from Sung Choi and Jonathan Salem, NASA
Lewis Research Center) for transverse and longitudinal
annealed silicon carbide and the data points are plotted in



figures 4 to 7. The two parameter distribution curves are
plotted in figures 4 and 6. The three parameter distribution
curves are plotted in figures 5 and 7.

Sintered Silicon Nitride (Four Point Bend Analysis,
Volume Flaws, Tablel)

Table VI summarizes the results for the two and three
parameter uniaxial Weibull models. Figure 8 is a plot of the
two parameter cumulative distribution curve and data points.
Figure 9 is a plot of the three parameter cumulative distri-
bution curve and data points.

Sintered Silicon Nitride (Four Point Bend Analysis,
Surface Flaws, Tablel)

The four point bend volume flaw data are also used for a
four point bend surface flaw analysis to illustrate the applic-
ation of the developed equations. It is realized that these data
are not representative of the physical problem. Table VII
summarizes the results for the two and three parameter
uniaxial Weibull models applied to these data. Figure 10 isa
plot of the two parameter cumulative distribution curve and
data points. Figure 11 is a plot of the three parameter
cumulative distribution curve and data points.

Discussion and Conclusions

Solutions are obtained from inert failure data based on the
minimizing of the sum of the residuals squared as a necessary
and sufficient condition. There are programs to evaluate the
three parameters fitted to the specimen uniaxial Weibull
model (eg. (30), refs. 2 and 3). The characteristic strength,
Ogy, aparameter inthis model, isnot a material property but
component dependent. The results obtained using this model
are only applicable to that specific component made from the
same test material.

In this report, material property parameter estimation
methods are developed based on the uniaxial Weibull model
(eg. (1)). The parameters so obtained are applicable to any
component made from the same test data material. For the
sintered silicon nitride four point bend inert volume flaw
failure data (table I), Cooper’s method (ref. 4), a modified
LSBF method (refs. 1 and 3), and the approach developed
herein were used to minimize the sum of the sgquares of the
residual's based on the pure bend solution (all failures

occurred within the inner span). Comparing the results
reveals that the largest variation of the sum of the sgquares of
the residuals (table 1V) was less than 3 percent. Further
comparison of the results of the three methods indicated the
approach used herein was slightly less conservative in the
low probability of failure regions (P; < 0.05) and slightly
more conservative in the upper region (Ps > 0.25). Figures 2
and 3 are plots of the data points and the computed
cumulative distribution curves for the two and three
parameter uniaxial Weibull models based on the pure bend
solution.

The results for the silicon carbide three point bend surface
flaw data (tables Il and I11) from longitudinal and transverse
annealed specimens are summarized in table V. Comparing
the two and three parameter models reveals that there are
large differences in the Weibull modulii and scale factors.
The cumulative distribution curves are plotted in figures 4
to 7. Superimposing the two and three parameter curves
reveals small but significant differences because most
designs are based on the very low probability of failure
region.

The four point bend solutions to the two and three
parameter uniaxial Weibull models applied to the data in
table | are summarized in table VI. The cumulative distribu-
tion curves are plotted in figures 8 and 9. Figures 2 and 3 are
the cumulative distribution curves for the pure bend solution.
A comparison of figure 2 with figure 8 and figure 3 with
figure 9 indicates the four point bend results for both cases
are slightly more conservative in the lower probability of
failure region and slightly less conservative in the higher
probability of failure region.

Four point bend volume flaw data in table | are used for a
four point bend, surface flaw analysis to illustrate the
application of the developed equations. It is realized that
these data are not representative of the physical problem. The
results are plotted in figures 10 and 11 and summarized in
table VII.

Justification for applying the three parameter model rather
than the two parameter model will depend on which model
better predicts the behavior of a component with its observed
performance.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, March 1996
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TABLE I|.—THREE POINT BEND SILICON
CARBIDE SURFACE FLAW TRANSVERSE
ANNEALED INERT FAILURE DATA

FAILURE DATA (fig. 1(8)) (fig- 1(c))
[Span = L 1=19.936 mm.]

TABLE IIl.—THREE POINT BEND SILICON
CARBIDE SURFACE FLAW LONGITUDI-

NAL ANNEALED INERT
FAILURE DATA (fig. 1(c))
[ Span, L1=19.936 mm. ]

Specimen Thickness, Depth, Failure
Specimen Failure strength, number b, W, load,
number MPa mm mm kg

1 613.9 1 2.991 1.873 14.25
2 623.4 2 2.999 1.875 15.00
3 639.3 3 2.999 1.873 16.20
4 642.1 4 2.999 1.877 14.85
5 653.8 5 3.000 1.874 15.08
6 662.4 6 2.995 1.871 13.13
7 669.5 7 2.996 1.875 14.18
8 672.8 8 2.998 1.874 15.00
9 681.3 9 2.997 1.879 14.78
10 682.0 10 2.999 1.875 11.63
11 699.0 11 2.997 1.874 12.15
12 7145 12 2.998 1.877 14.33
13 717.4 13 2.998 1.877 14.33
14 725.5 14 2.999 1.879 13.23
15 7416 15 2.995 1.876 12.83
16 744.9 16 2.994 1.874 15.75
17 751.0 17 2.998 1.881 16.23
18 761.7 18 2.997 1.876 12.83
19 763.9 19 2.994 1.877 12.75
20 774.2 20 2.997 1.876 13.05
21 791.6 21 2.999 1.879 16.05
22 795.2 22 3.001 1.875 14.85
23 829.8 23 3.000 1.877 16.23
24 838.4 24 3.000 1.875 13.20
25 856.4 25 2.993 1.871 17.63
26 868.3 26 2.993 1.879 12.30
27 882.9 27 2.995 1.879 16.05
28 2.996 1.876 15.08

29 2.994 1.877 13.05

30 2.996 1.877 10.05

31 2.996 1.872 12.75

32 2.995 1.874 17.70

33 2.996 1.876 15.30

34 2.994 1.878 11.55
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Specimen | Thickness, | Depth, Failure
number by, Wi, load,
mm mm kg
1 2.999 1.866 | 12.98
2 2.998 1.866 | 14.55
3 3.001 1.867 17.18
4 2.998 1868 | 15.53
5 2.998 1.869 14.10
6 3.000 1863 | 15.68
7 3.000 1871 15.98
8 3.003 1870 | 16.95
9 3.001 1.863 17.25
10 3.002 1863 | 12.00
11 2.991 1.866 15.75
12 2.994 1.864 15.23
13 2.992 1.866 14.78
14 2.993 1866 | 14.25
15 2.995 1.868 14.93
16 2.996 1869 | 1215
17 2.996 1.870 15.38
18 2.996 1.871 14.78
19 2.997 1871 14.70
20 2.997 1.872 12.90
21 3.002 1.873 9.98
22 3.001 1874 | 10.95
23 3.000 1.867 15.53
24 3.002 1.871 14.40
25 3.003 1.864 13.50
26 3.000 1864 | 1253
27 3.000 1.864 12.90
28 3.000 1865 | 13.95
29 3.002 1.864 14.70
30 3.002 1863 | 1245
31 2.992 1.859 12.75
32 2.993 1868 | 13.95
33 2.992 1.868 15.53
34 2.994 1869 | 1755
35 2.975 1.870 12.08




[Dataintable | are analyzed as a pure bend solution over the inner span.]

FLAW INERT FAILURE DATA (TABLEI)

D(ij max _ Cuv

TABLE IV.—WEIBULL PARAMETERS OBTAINED FROM SILICON NITRIDE (SNW-1000) FOUR POINT BEND VOLUME

)l+mv 0O

o . 0 1 OVy O
The probability fo failure for a given value of Ot max isdefined ashyj = 10- &P 0
g ooy h+my Ofimax E
Pure bend solution Weibull Scalefactor, | Threshold stress, Sum of residuals squared,
(volume flaws, fig. 1(b)) modulus, Oov, Ow, 27 2
my MPa-ma/my MPa Z (of - 05 )
computed data J
=1
Starlinger, et al. and Cooper - LSBF (ref. 1) 1.625 0.00258276 560.84 2684.4
Starlinger, et al. - Modified LSBF (ref. 1) 1.677 0.00370464 558.08 2664.0
LSBF? 1.608 0.00218469 565.195 27437
Two parameter L SBF methodb 11.306 150.1733 0.0 13440

4 SBF applied to eg. (11).
bgyy set equal to zeroin eq. (11).

TABLE V.—WEIBULL PARAMETERS OBTAINED FROM THREE POINT BEND SILICON CARBIDE
SURFACE FLAW INERT FAILURE DATA (TABLESII AND I11)

The probability of failure for a given value of O e defined as

D Vi
LW, WP 1D2y oy DHmS b, O

g*ms

N
lmax i Ous [E
Rj =10- eXDDB—H e B o LB .o g O
Oos 1+ mg El] y DN] GmeaX 0 W] ijmax M
g EE|
o sWi
wheredyj = =1
20 max

LSBF best method Weibull | Scalefactor, | Threshold Sum of residuals
(surface flaws, modulus, Oos, stress, squared,
fig. 1(d)) ms MPa - m2/ms Ous, n O
MPa -0
% P fcomputed ~ fdata q
Transverse-annealed two- 9.294 114.52 0.0 2665
parameter model
Transverse-annealed three- 4.024 11.71 190.0 1942
parameter model
Longitudinal-annealed two- 9.161 114.14 0.0 1417
parameter model
Longitudinal-annealed three- 5.893 39.78 120.0 1259
parameter model

11
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TABLE VI. —WEIBULL PARAMETERS OBTAINED FROM SILICON NITRIDE (SNW-1000) FOUR
POINT BEND VOLUME FLAW INERT FAILURE DATA (TABLEI)

The probability of failure for a given value of ij o is defined as

O oW +m o
T ™ L1 52 102y o O 10T e O
P =1-exp—y— T Oy so>——Wg  dy+= —7”"§
mn Oov 0O 2(1+mv) 1] Yy @NJ O'fJ max H Ll Gflmax
B 0
oW
where 89 = v
20‘fj
max
L SBF method Weibull Scalefactor, | Threshold stress, Sum of residuals
(volume flaws, | modulus, Oov, Ow, squared,
fig. 1(c)) my MPa - m3/my MPa
27 2
Z Ofimax,comp ~ ®fimax |
= 1 J
Weibull two 10.841 141.713 0.0 11712.5
parameter model
Weibull three 1.443 0.0006804 564.0 2038.5
parameter model

TABLE VII.—WEIBULL PARAMETERS OBTAINED FROM SILICON NITRIDE (SNW-1000) FOUR POINT BEND
VOLUME FLAW INERT FAILURE DATA
[For illustrative purposes the datain table | are analyzed as surface flaw inert failure data.]

The probability of failure for a given value of O e isdefined as

O oW,
+mg +mg
E L] max J"s LiWj =21 Dzy Ous Dl L2Wj +Lqb; - Ous D1
Aj =1-epCrg A Uy -g—-—-———0  dy+ - 0
00 oos O (Lrms) Gy y W o, 0 LW, 0 Ofjme O
H
N
Lobj 0 g s
+ (1 + ms)_ _ us 0
LiWi O Ofjmay O
o ysWi
where 53 = ———
Ofj max
L SBF method Weibull Scale factor, Threshold stress, Sum of residuals squared,
(surface flaws, modulus, Oos, Ous,
fig. 1(c)) ms MPa - m2/ms MPa 27 2
2 (ijmax,wmp ‘ijmax).
j=1 )
Weibull two 10.84 325.23 0.0 12067.0
parameter model
Weibull three 2.00 1.69 575.0 1928.3
parameter model
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Figure 1.—Specimen loading and geometry. (a) Pure tension. (b) Pure bend silicon nitride (SNW-1000) specimen;
Lo =19.6 mm, b = 4.0 mm, W = 3.1 mm. (c) Four point bend silicon nitride (SNW-1000) specimen; Ly = 20.8 mm,
Lo =19.6 mm, b =4.0 mm, W = 3.1 mm (table l). (d) Three point bend silicon carbide specimen; Ly = 19.936 mm
(tables |1 and 11 contain Fj, bj, and W; values).
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Figure 2.—Distribution curve for two parameter Weibull model from volume flawed inert silicon
nitride (SNW-1000) data via specimens subjected to pure bend analysis over inner span (Fig. 1(b),
table I). Weibull modulus m,, = 11.306; scale factor oy, = 150.173 MPa-m3/MV; threshold stress
oyy = 0.0 MPa; sum of residuals squared = 13440.
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Figure 3.—Distribution curve for three parameter Weibull model from volume flawed inert silicon
nitride (SNW-1000) data via specimens subjected to pure bend analysis over inner span (Fig. 1(b),
table I). Weibull modulus m,, = 1.608; scale factor ooy = 0.0021847 MPa-m3/Mv; threshold stress
oyy = 565.2 MPa; sum of residuals squared = 2744,
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Figure 4.—Distribution curve for two parameter Weibull model from surface flawed inert transverse
annealed silicon carbide data via specimens subjected to three point bend analysis (Fig. 1(d),
table I1). Weibull modulus mg = 9.294; scale factor o5 = 114.5 MPa-m2/Ms; threshold stress
oys = 0.0 MPa; sum of residuals squared = 2665.
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Figure 5.—Distribution curve for three parameter Weibull model from surface flawed inert transverse
annealed silicon carbide data via specimens subjected to three point bend analysis (Fig. 1(d),
table 11). Weibull modulus mg = 4.024; scale factor oo = 11.708 MPa-m2/Ms; threshold stress
oys = 190.0 MPa; sum of residuals squared = 1942.
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Figure 6.—Distribution curve for two parameter Weibull model from surface flawed inert longi-
tudinal annealed silicon carbide data via specimens subjected to three point bend analysis
(Fig. 1(d), table I11). Weibull modulus mg = 9.161; scale factor oog = 114.14 MPa-m2/ms;
threshold stress oyg = 0.0 MPa; sum of residuals squared = 1417.
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Figure 7.—Distribution curve for three parameter Weibull model from surface flawed inert longi-
tudinal annealed silicon carbide data via specimens subjected to three point bend analysis
(Fig. 1(d), table I11). Weibull modulus mg = 5.893; scale factor oog = 39.78 MPa—mZ/mS;
threshold stress oyg = 120.0 MPa; sum of residuals squared = 1259.

16



Probability of failure, Ps

0.0 L | | | | | |
600 650 700 750 800 850 900
Failure stress, oy, MPa

Figure 8.—Distribution curve for two parameter Weibull model from volume flawed inert silicon

nitride (SNW-1000) data via specimens subjected to four point bend analysis (Fig. 1(c), table I).

Weibull modulus my, = 10.84; scale factor o, = 141.7 MPa-m3/MV; threshold stress
oyy = 0.0 MPa; sum of residuals squared = 11713.
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Figure 9.—Distribution curve for three parameter Weibull model from volume flawed inert silicon

nitride (SNW-1000) data via specimens subjected to four point bend analysis (Fig. 1(c), table I).

Weibull modulus my, = 1.443; scale factor oo, = 0.000680 MPa-m3/Mv; threshold stress
oyy = 564.0 MPa; sum of residuals squared = 2039.
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Figure 10.—Distribution curve for two parameter Weibull model from volume flawed inert silicon nitride (SNW-
1000) data via specimens subjected to four point bend analysis. As an illustrative example these data were
analyzed as if they came from surface flawed specimens (Fig. 1(c), table I). Weibull modulus mg = 10.84;
scale factor oog = 325.2 MPa-m2/Ms; threshold stress oys = 0.0 MPa; sum of residuals squared = 12067.
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Figure 11.—Distribution curve for three parameter Weibull model from volume flawed inert silicon nitride (SNW-
1000) data via specimens subjected to four point bend analysis. As an illustrative example these data were
analyzed as if they came from surface flawed specimens (Fig. 1(c), table I). Weibull modulus mg = 1.997;
scale factor oog = 1.6895 MPa-m2/Ms; threshold stress oys = 575.0 MPa; sum of residuals squared = 1928.
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